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An aim of this paper is to develop a theory of microdifferential operators for arithmetic 
^-modules. We first define the rings of microdifferential operators of arbitrary levels on 
arbitrary smooth formal schemes. A difficulty lies in the fact that there is no homomorphism 
between rings of microdifferential operators of different levels. To remedy this, we define the 
intermediate differential operators, and using these, we define the ring of microdifferential 
operators for i^^. We conjecture that the characteristic variety of a ^^-module is computed 
as the support of the microlocalization of a ^t_jiiodule, and prove it in the curve case. 
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This paper is aimed to construct a theory of rings of microdifFerential operators for arithmetic 
^-modules. Let X be a smooth variety over C. Then the sheaf of rings of microdifFerential 
operators denoted by S'x is defined on the cotangent bundle T*X oF X. This ring is one oF 
basic tools to study ^-modules microlocally, and it is used in various contexts. One oF the most 
important and Fundamental properties is 

Char(^) = Supp((fx ®7r-i^^ 

For a coherent ^x-module where vr : T*X — t- X is the projection. A goal oF this study is to 
find an analogous equality in the theory oF arithmetic ^-modules. 

We should point out two attempts to construct rings oF microdifFerential operators. The first 
attempt was made by R. G. Lopez in |Loj . In there, he constructed the ring oF microdifFerential 
operators oF finite order on curves. However, the relation between his construction and the 
theory oF arithmetic ^-modules was not clear as he pointed out in the last remark oF ibid. 
The second construction was carried out by A. Marmora in [Ma] . Our work can be seen as 
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a generalization of this work, and we will explain the relation with our construction in the 
following. 

Now, let i? be a complete discrete valuation ring of mixed characteristic (0,p). Let be 
a smooth formal scheme over Spf(i?), and we denote the special fiber of ^ by X. For an 
integer m > 0, P. Berthelot defined the ring of differential operators of level m denoted by 
^^Q. He also defined the characteristic varieties for coherent ^^Q-modules using almost the 
same way as we used to define the characteristic varieties for analytic ^-modules. It is natural 
to hope that there exists a theory of microdifferential operators and we can define the ring of 
microdifferential operators <^jr^Q of level m associated with satisfying an analog of Q. 

When is a curve, this was done by Marmora in |Maj as we mentioned above, in his study 
of Fourier transformation. He fixed a system of local coordinates, and constructed the ring of 
microdifferential operators using explicit descriptions as in |Bj[ Chapter VHI], and proved that 
the construction does not depend on the choice of local coordinates. In this paper, we use a 
general technique of G. Laumon of formal microlocalization of certain filtered rings (cf. |Lau] ) 
to define rings of microdifferential operators of level m. An advantage of this construction is 
that we do not need to choose coordinates in the construction. It follows also formally using the 
result of Laumon that for a coherent ^^I^^-module .y^ ^ we get 

Char(^) = Supp(69'i^I (g) _i^(m) vr"-^^) 

in r(™)*X := Spec(gr(^J"^)), where vr: r('")*X ^ X is the projection. 

Before explaining the construction of sheaves of microdifferential operators associated with 
^Ir Q, let us review the theory of Berthelot, and see why we need to consider Q-modules. 
Berthelot proved that many fundamental theorems in the theory of analytic ^-modules hold also 
for ^^^-modules. For example, we can define fundamental functors such as push- forwards, pull- 
backs, and so on, and the coherence is preserved under push-forwards along proper morphisms. 
However, Kashiwara's theorem, which states an equivalence between the category of coherent 
^^jj-modules which are supported on a smooth closed formal subscheme 3f of .S^ and the 

category of coherent ^^^-modules, does not hold. This failure makes it difficult to define a 

suitable subcategory of holonomic modules in the category of ^^^-modules. To remedy this, 

Berthelot took inductive limit on the levels to define the ring q, and proved Kashiwara's 

theorem for coherent ^-modules. As in the analytic ^-module theory, we need to consider 
holonomic modules to deal with push-forwards along open immersions, and we need to define 
characteristic varieties to define holonomic modules. When a coherent ^-module possesses 

a Frobenius structure {i.e. an isomorphism ^ — > F*^), Berthelot defined the characteristic 
variety. He reduced the definition to a finite level situation using a marvelous theorem of 
Frobenius descent, and proved Bernstein's inequality by using Kashiwara's theorem. However, 
if there is no Frobenius structure, the situation was complete mystery. 

In this paper, we propose a new formalism which allows us at least conjecturally to interpret 
this characteristic varieties by means of microlocalizations, and use them to define the charac- 
teristic varieties for general coherent ^-modules which may not carry Frobenius structures. 
We also prove the conjecture in the case of curves (cf. Theorem 17. 2p . Let us describe a more 
precise statement and difficulties to carry this out. 

One of the difficulties of defining microdifferential operators associated with is that there 
does not exist a transition homomorphism (cf. 14. ip 

^(m) ^(m+l) 
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compatible with the transition homomorphism — )• ^x*Q^^' ^® ^^^^ ^° d^^ii^^ 

the ring of microdifFerential operators corresponding to q in a naive way. Let vr : T*^ ^ 

be the projection. To remedy this, we define a 7r~"^^^Q-algebra <^^q ^ for any integer m' >m 
called the "intermediate ring of micro differential operators of level (m, m')" so that there exist 



homomorphisms of vr ^^fc^lj-algebras 



and JJ"'"^ = J;J"^. We define 



On this level, we have a transition homomorphism (^^q^ — )• '^^q^'^^ compatible with the 
transition homomorphism of the ring of differential operators of level m and m + 1. We define 

m 

Unfortunately, we no longer have the equality 

Char(^) = Supp(<f J"^ ® TT"^^) 

for coherent ^^"^-module ^ in general (cf. 17. ip . However, we conjecture the following. 
Conjecture. — Let 3J he a smooth formal scheme of finite type over R, and ^ he a coherent 



^^^^ -module. Then there exists N > m such that for any m' > N, 



Chari§^^l ^^(™) ^) = Supp(<f|"Q^) i^'^Ji). 

This conjecture implies that Car(^) = Supp(<f^ q®^) for a coherent FSl\^ ^-module ^ 
where Car denotes the characteristic variety defined by Berthelot. It is also worth noticing here 
that if this conjecture is true, the characteristic varieties for coherent ^^Q-modules stabilizes 
when we raise level m, and in particular we are able to define characteristic varieties for coherent 

Q-modules even without Probenius structures. In the last part of this paper, we prove the 
following. 

Theorem 17. 2L — When is a curve, the conjecture is true. 

Finally, let us point out one of the most important applications of this theorem. In the 
celebrated paper of Lafforgue |Laf| . he proved Langlands' program for function field. This is a 
certain correspondences between £-adic Galois representations and cuspidal automorphic forms. 
A natural question is if there is any analogous correspondences for overconvergent F-isocrystals. 
We believe that there are similar correspondences, and we observe that the conjecture of Deligne 
[Pet 1.2.10 (vi)] (or more precisely |Crl 4.13]) can be understood as a consequence of this 
unknown correspondences. In Lafforgue's proof, he used the so called "product formula" for l- 
adic epsilon factors. The construction of the ring of microdifferential operators in this paper and 
Theorem 17.21 are crucial technical tools for the proof of the product formula for p-adic epsilon 
factors in [AMj . which is expected to be used to establish the "Langlands' correspondence" of 
overconvergent F-isocrystals. Especially, the result of this paper is used to establish the theory 
of p-adic local Fourier transform and the "principle of stationary phase" . 
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To conclude Introduction, let us see the structure of this paper. In §1, we review the theory 
of formal microlocalization of certain filtered rings, and prove some basic facts on the noetherian 
property of rings. Using these results, we define the naive ring of microdifferential operators 
(f^Q, and prove some basic facts in the next section §2. Before proceeding to the definition of 

the intermediate rings of microdifferential operators, we study some properties of gr{S'^^) in 
§3. These are used to study the intermediate rings, which are defined in §4. In §5, we prove the 
flatness of transition homomorphisms and related results. One of the most important properties 
of <S'^Q is that its section on a (strict) affine open subscheme is a Frechet-Stein algebra. In §6, 
we prove a finiteness property of certain sheaves of modules, which may be useful to deal with 
sheaves on formal schemes. In the last section, we formulate the conjecture, and prove it in the 
case of curves. 
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Conventions 

In this paper, all rings are assumed to be associative with unity. Filtered groups are assumed 
to be exhaustive (cf. 11.1.1]) . and modules are left modules unless otherwise stated. In general, 
we use Raman fonts {e.g. X) for schemes, and script fonts {e.g. for formal schemes. 

1. Preliminaries on filtered rings 

The aim of this section is to review the formal construction of the microlocalization of certain 
filtered rings due to O. Gabber and G. Laumon. To fix notation and terminology, we begin by 
reviewing well-known definitions and properties of filtered modules. 

1.1. The reader can refer to |Bol III, §2] and |HOj for more details. 

1.1.1. An increasing sequence {GnjnGZ of subgroups of a group G is called an increasing 
filtration on G. The filtration is said to be 'positive if G„ = for all n < 0. We say that the 
filtration is separated if G„ = {e} where e is the unit. If G„ is a normal subgroup of G for 
any n, the filtration defines a canonical topology, which makes G a topological group (cf. jBoj 
m, §2.5]). 

Let ^ be a ring (not necessary commutative), and {Ai}i<^i be a filtration of the additive 
group A. We say that the couple {A, {Ai}i^z) is a filtered ring if Ai ■ Aj C ^j+j, and 1 G Aq. We 
always assume that the filtration is exhaustive {i.e. |Jj Ai = A). If there is no possible confusion, 
we abbreviate it by {A,Ai). Let M be an A-module, and {Mi}i^z be a filtration of the additive 
group M such that Ai ■ Mj C Mj+j for any i,j € Z. Then the couple (M, {Mi}i^z) is said to be 
a filtered {A, Ai) -module. We often denote (M, {Mjjjgz) by {M,Mi) for short. 

1.1.2. Let ^ be a ring, and / be a two-sided ideal. We put An := for n < 0, and An ■= A 
for n > 0. The couple {A,{An} ngz) is a filtered ring, and the filtration is called the I-adic 
filtration. 
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Let (M, Mj) be a filtered (^4, ^j)-module. We say that the filtration {Mj}i^i of M is good if 
there exist mi, . . . , G M and ki, . . . ,ks S Z such that M„ = X^^^^ An-ki ■ w-i for any n. 

1.1.3. A filtered homomorphism f : {A, Ai) — t- (B, Bi) is a ring homomorphism f : A ^ B such 
that there exists an integer n satisfying f{Ai) C -Bj+n for any integer i. Such a homomorphism 
is continuous with respect to the topology defined by the filtration on A and B. The filtered 
homomorphism / is said to be strict if f{Ai) = f{A) D Bi for any i G Z. 

1.1.4. For a filtered ring {A,Ai), we put grj(^) := Ai/Ai_i, and gr(^) := 0-grj(^). The 
module gr(^) is naturally a graded ring, and it is called the associated graded ring. We define 
the principal symbol map a: A ^ gr(^) in the following way: let x € A. If x £ f^ - Ai, then we 
put a{x) = 0. Otherwise there exists an integer i such that x £ Ai and x ^ Ai^i. We define 
a{x) to be the image of x in gri{A) C gr(^). 

1.1.5. We introduce the completion of a filtered ring. Let {A,Ai) be a filtered ring. We refer 



to [HOl Ch.I, §3] for the details|W| Let A [i/, V ] be the ring of Laurent polynomials with one 
variable v over A, graded by the degree of v. Here, the element v is in the center by definition. 
We define the graded subalgebra of A\u, denoted by A,, called the Rees ring of (A, Ai) by 
the formula 

A, ■.= @Ai-v\ 

For an integer n > 1, we define a graded ring A,,n := A,/v'^A,. Let i We denote by Ai^n 
the i-th degree part of [i.e. the image of Ai • i/*). We get a projective system of graded 
rings 

^ A,^n+l ^.,n ^ > = gr(^). 

We define a module and a ring by 

li := ^ Ai^n{= ^ Ai/Ai+n), 1:= lir^ 



A. 



The couple (A, {Ai}i^z) is a filtered ring, and is called the completion of {A,Ai). We note that 
the canonical homomorphism gr{A) — )■ gr(^) is an isomorphism by |HQ^ Ch.I, 4.2.2]. We say that 
the filtered ring {A,Ai) is complete if the canonical homomorphism ^4 — >• A is an isomorphism. 
Complete filtered rings are separated (cf. |H01 Ch.I, 3.5]). 

1.1.6. We say that a filtered ring {A, Ai) is left (resp. right, two-sided) noetherian filtered if the 
Rees ring A, is left (resp. right, two-sided) noetherian. If ^ is a noetherian filtered ring, the 
associated graded ring gr(^) is noetherian since gr(^) = A^/vA,. If A is moreover complete, 
the converse is also true, and A is noetherian filtered if and only if gr(^) is a noetherian ring (cf. 
[HOI Ch.II, 1.2.3]). This shows that the completion of a noetherian filtered ring is noetherian 
filtered. Moreover, if {A,Ai) is a noetherian filtered ring, the canonical homomorphism A A 
is flat by \H.0\ Ch.I, 1.2.1]. We say that a noetherian filtered ring is Zariskian if any good filtered 
module is separated. Any noetherian filtered complete ring is known to be Zariskian (cf. [HQl 
Ch.II, 2.2.1]). 

1.1.7. Let X be a topological space or, more generally, topos. The terminologies defined so 
far except for principal symbol in 1.1. 4\ Oind those defined in \1.1.6\ can be defined also in the 



language of sheaves by replacing "ring" by "sheaf of rings on X" and so on. See |Bj[ A. III. 2] for 
more details. 



'^'However, in some definitions, we used other equivalent definitions to make tlie explanation sliorter. Tlie 
equivalence is proven in ibid. 
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1.2. Let us review the Ore condition (we refer to |Laml 4. §10A] for more details). Let ii be a 
ring, and 5 be a multiplicative system. The following conditions for S are called the right (resp. 
left) Ore condition: 

1. For every a £ R and s G 5, aS n si? / (resp. SaCiRs ^ 0). 

2. If sa = (resp. as = 0), then there exists s' & S such that as' = (resp. s'a = 0). 

Suppose S satisfies the right Ore condition. We denote by RS~^ the set Rx S/ ~. Here ~ is the 
equivalence relation such that (a, s) and {b,t), with a,b £ R and s,t £ S, are equivalent if and 
only if there exists a pair (c, c') in R x R such that ac = be' in R and se = tc' in 5. We usually 
denote the couple (a, s) by as~^. We can show that there exists a ring structure on RS~^ which 
makes the canonical homomorphism j : R ^ RS~^ sending a to al~^ a ring homomorphism, 
and satisfies the following universal property: given a homomorphism ip: R ^ B oi rings such 
that '^{s) is invertible in B for any s € S, there exists a unique homomorphism ip: RS~^ — )■ B 
such that j = ip. The ring RS~^ is called the rig/ii rm^i of fractions. When S satisfies the left 
Ore condition, we may define the left ring of fractions in a similar way. If S satisfies both left 
and right Ore conditions (in other words two-sided Ore condition) , left and right ring of fractions 
coincide by the universal property. Obviously, when R is commutative, any multiplicative system 
satisfies the Ore condition, and the ring of fractions coincides with the usual one. 

1.3. Let {A,Ai) be a filtered ring which is complete and the associated graded ring gr{A) is 
commutative. Let Si C gr(^) be a homogeneous multiplicative set (i.e. a multiplicative set 
consisting of homogeneous elements). Let c^: ^•,n ^•.i — gr(^) be the canonical homomor- 
phism. We put 

Sn ■■= {x £ A,^n I Cnix) € Si} . 

By |Laul A.2.1], the multiplicative set 5„ satisfies the two-sided Ore condition. We define a 
graded ring by 

A' — A ^ A <^~^ 

This defines a projective system of graded rings {A', „}. Let us denote by A'^^ the i-th degree 
part of ^. We define 

A'i := ^ A'i^^, A' := Im^i A'^. 

n—^—oo i— >-oo 

The filtered ring {A',A'j) is complete. We denote this filtered ring by (A,Ai)si, ^'^d we call it 
the microlocalization of {A,Ai) with respect to Si. If gr(^) is noetherian, then A'q and A' are 
noetherian and the canonical homomorphism A ^ A' is flat by |Laut Corollaire A. 2. 3. 4]. 

Example. — Let s be an element of A such that a{s) € 5*1. By definition, s is invertible in 
(^4, Ai)sj^. Given an element a £ A'-, for any integer k < i, there exist a^ £ Ai^ and s^ £ SriAi^_k 
(thus Ofc s^^ £ A'l^) such that a = X]A;<j '^fc ^k^- Here, we considered the topology defined by the 
filtration of A (cf. 11.1.1]) . Moreover, assume that a{s) £ grjv(^) and = {o-(s)"}^>o. Then 
for any a' £ A'^, there exist an integer n/j > and a'^ £ Ak+Nuk such that a' = J2k<i '^'k 

1.4. Let {A,Ai) be a complete filtered ring whose associated graded ring is commutative. 
The constructions in the previous subsection can be carried out in almost the same way also 
for filtered (A, Aj)-modules. For the details see [Lau] A. 2]. For example, for a filtered A- 
module {M,Mi) and a homogeneous multiplicative system Si C gr(^), we are able to define the 
microlocalization of (Af, Mj) with respect to Si denoted by {M,Mi)si, which is complete. 
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1.5. Let us sheafify the results. Let {A, {Ai}i^z) be a positively filtered ring such that the 
associated graded ring gr(^) is commutative. Let R := gr(^) be the positively graded commu- 
tative ring. Note that Aq = Rq is a commutative ring by assumption. We let X := Spec(i2o)) 
V := Spec(i?), P := Proj(i?). Let s: X ^ V he the morphism defined by the canonical projec- 
tion R — >• Rq. We put V := V \ s{X). We have the following canonical commutative diagram 
(cf. [EGAl II, 8.3]). 

y^- V — ^-^P 

X 

We define a topological space V' in the following way: as a set, V' := V. The topology of V' is 
generated by the basis of open sets 

I / € i? and / is homogeneous}. 

We denote by e: V ^ V the identity map as sets, which is continuous. We put Oy := e^Oy. For 
n G Z, we denote by Oy' (n) , the subsheaf of Oy' consisting of the homogeneous sections of degree 
n. We put Ov{n) := e-'^{Ov'{n)), and Ov{*) := 0„gz Oyin). We note that Ov{*) = e'^e^Ov. 
We get Ov{n)\^ = q~^Op{n) for any integer n by |Laut A. 3. 0.5]. By [Laul A. 3. 0.5], we also 
have 

(1.5.1) p^Ov{*) = s-^Ov{*) = R 

where ~ denotes the associated quasi-coherent Ox-module. 

Now, for a topological space X, let us denote by 0{X) the category of open sets of X. The 
canonical functor : 0{V') — > 0(y) admits a left adjoint denoted by e.. Let us describe this 
functor. There is ci natural action of ,x on V , and we have an isomorphism /x: Gm.x x F — > 
Gm,x X y such that pr^^ o f_i = and (pr2 o ^)*: R — > R[t,t~^] sends / € iij to / ■ f. For 

UeD{V), 

e-ie.(C/) = (pr2 0/,opr2 !)([/) (= [j X-u). 

For the details, see [Laul A. 3.0]. For a sheaf J^' on V', we have 

(1.5.2) {e-'T'){U)=T'{e.{U)) 

by |Lau^ A. 3. 0.2]. This is showing that if A' is a coherent ring on V', e~^{A') is also a coherent 
ring as explained in |Laul A. 3. 1.8]. 

1.6. Let {A,Ai) be the filtered quasi-coherent Ox-algebra associated to {A,Ai) on X. Let / 
be a homogeneous element of gr{A), and we put 5'i(/) := {/'"}m>o C gr(A). Let S'„(/) be 
the multiplicative set of using the notation in ll.31 and define A',^{f) := Sn{f)~^A,^n- We 
define a sheaf 0^ „ on V' to be the sheaf associated to the presheaf 

(1-6.1) D{f) ^ <„(/). 

over the open basis of V consisting of D(f) with a homogeneous element / in gr{A). By [Laul 
A. 3. 1.1], we know that 

(1-6.2) T{D{f),B:^J = A:^M)- 

We define 

B', := ^ Bl^, B' := Im^ B',. 

n— oo j— ^oo 
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Then 

T{D{f),{B',Bi))^{A,A,)s,ij) 
for a homogeneous element / of gr{A) by |Laut (A. 3. 1.2)]. We define a filtered sheaf of rings 

{B,B^) := €-\B',B',) 

on V. There is a canonical homomorphism of filtered rings on V 

^■.p~\A,Ai)^{B,Bi). 

The filtered ring {B,Bi) is called the microlocalization of {A,Ai). By \Lau\ A. 3. 1.6], we have 
canonical isomorphisms of graded rings 

(1.6.3) grJfi)-Oy(n), gr(^?) - 0y(*). 

1.7. Let (M, Mi) be a filtered {A, Ai)-module such that = for i < (and ij-g^ Mi = M). 
Let {^A,Aii) be the quasi-coherent Ox-module associated to the filtered module {M,Mi). This 
is a filtered {A, ^i)-module. 

Using exactly the same construction (cf. |Laul A.3.2]), we are able to define a (B', ;B0-module 
{M',Ml) on V' such that 

{M,Nh)s,u)=^T{D{f),{M\Ml)) 
for a homogeneous element / of gr(A). We define a filtered (;B, ;B.j)-module by 

There is a homomorphism 
over if. Now we define 

Char((X,Xi)) := Supp(gr(AA)) C V. 
This is called the characteristic variety of the filtered module {M.,Aii). 

1.8 Lemma. — Suppose gi{M) is finitely presented over gr{A). Then 

Char((X,Mi)) = Supp(^ (g)p-i^ p~^X). 

Proof. Let U := D{f) with a homogeneous element / of g'c{A). Since T{U,J\f) is complete, it is 
in particular separated with respect to the filtration. Thus the local sections r([/,A/') is equal to 
if and only if r(C/, gr(A/')) = gr(r(?7, A^)) = where the first isomorphism follows from [Laul 
A.3.2]. Combining this with [Lauj Proposition A. 3. 2. 4 (ii)], the lemma follows. ■ 

Remark. — Assume M is an ^-module of finite type. Then there exists a good filtration 
{Mi\i^z (cf. [Wl A. Ill 2.15]) of Ad. Suppose gr(^) is noetherian. The above lemma implies 
that the characteristic variety does not depend on the choice of a good filtration. We call 
Char((A4, A^i)) the characteristic variety of M and denote by Char(Al). 

1.9 Remark. — These constructions are functorial and, in particular, we may globalize the 
definitions of microlocalizations on schemes not necessary affine (cf. [Lau^ A. 3. 3]). 
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1.10. Now, we will collect some basic facts on noetherian conditions. 

Definition. — Let X be a topological space, ^ be a sheaf of rings on X, and *B be an open 
basis of the topology. 

(i) The ring A is said to be left noetherian with respect to *B if it satisfies the following 
conditions. 

1. It is a left coherent ring (i.e. locally, any finitely generated left ideal of A is finitely 
presented) . 

2. For any point x € X, the stalk Ax is a left noetherian ring. 

3. For any [/ € 55, T{U,A) is a left noetherian ring. 

In the same way, we define a right (resp. two-sided) noetherian ring with respect to !B. When 
there is no possible confusion, we abbreviate two-sided noetherian sheaf of rings with respect to 
!B by noetherian ring. 

(ii) A filtered ring {A,Ai) is said to be pointwise left (resp. right, two-sided) Zariskian if the 
stalk Ax is left (resp. right, two-sided) Zariskian for any x € X. 

(iii) An ^-algebra B is said to be of finite type over A if for any x £ X, there exists an open 
neighborhood f7 of x and a surjection A[Ti, . . . ,Tn]\u 

Remark. — This definition of noetherian ring is slightly different from that of \KK\ Definition 
1.1.1], who replaced 3 by Condition (c): for any open set U oi X, a sum of left coherent A\u- 
ideals are also coherent. In ^ we show that a stronger condition than Condition (c) holds for 
some of the noetherian rings defined in this paper. 

Example. — Let X be a noetherian scheme. Let !B be the open basis consisting of open 
affine subschemes of X. Then Ox is a noetherian ring with respect to *B. More generally, let 
be a locally noetherian adic formal scheme (cf. [EGAl I, 10.4.2]). Then is noetherian 
with respect to as weh by [ECAl I, 10.1.6]. 

1.11. The following lemma is a generalization of |BeH 3.3.6] to filtered rings. 

Lemma. — Let {A, {Ai}i^z) be a filtered ring on a topological space X . Let 23 be an open 
basis of the topological space X . Suppose that the following conditions hold. 

1. For any [/ € !B, the filtered ring {r{U,A),T{U^Ai)) is complete. 

2. The graded rings gr(^) is left noetherian with respect to *B. 

3. For V,U £^ such that V CU, the restriction homomorphism T{U,gr{A)) — )• r(y, gr(^)) 
is right flat. 

4. For any [/ € !B, the canonical homomorphism 

gr{T{U,A))^TiU,gr{A)) 

is an isomorphism. 
Then, for any x X , the canonical homomorphism 
(1.11.1) Ax^A^ 

is right faithfully flat, where ^ denotes the completion with respect to the filtration on Ax- 
Moreover, {A,Ai) is pointwise left Zariskian, and A is left noetherian with respect to The 
statement is also valid if we replace left (resp. right) by right (resp. left). 
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Proof. We only deal with the left case, and modules are always assumed to be left modules. Let 
X (z X, and take C/ € 53 such that x € U. Let us see that the restriction homomorphism 

(Ln.2) r:T{U,A)^A^ 

is flat. Indeed, consider the following commutative diagram 

gT{T{U,A))^^T{U,gT{A)) 




gr(^^) gr(^^) ^ gr(^)^ 

where the vertical homomorphisms are the restriction homomorphism of A and gr(^). The upper 
horizontal homomorphism is an isomorphism by condition 4. The right vertical homomorphism 
is flat by condition 3, and thus gr(r) is flat as well. Since the filtered rings T{U,A) and A^ are 
complete and their associated graded rings are noetherian by conditions 2 and 4, these filtered 
rings are in fact noetherian filtered (cf . I1.1.6P . Since the source and the target of r are noetherian 
filtered complete rings, r is flat by the flatness of gr(r) and \iiO\ Ch.II, 1.2.1]. By taking the 
inductive limit over U, (ll.ll.ip is flat. 

We say that an ^^.-module M is monogenerated of finitely presented if there exists a surjection 
Ax — >• M such that the kernel is a finitely generated ideal of Ax- By [BeH 3.3.5], to see that 
(jl.ll.ip is faithful, it suffices to show that for any monogenerated of finitely presented ^^-module 
M such that A'^ (g) M = 0, we get M = 0. Since we are assuming M to be a monogenerated 
of finitely presented ^^-module, there exist C/ G ^ and a monogenerated of finitely presented 
r(C/,^)-module Mu such that Ax ® Mu = M. We fix a surjection (f): Au := T{U,A) Mu- 
This induces a good filtration on Mjj- We define an ^(/-ideal K by the following short exact 
sequence 

K ^ Au ^ Mu ^ 0. 
We consider the induced filtration from Au on K. Then we have the following exact sequence 

^ gr(Jf) ^ gT{Au) gr(Mc/) ^ 0. 

Since gr(^;^) is flat over gv{Au) = T{U,gr{A)), the sequence 

(1.11.3) ^ gr(^^) €5gr(^^) gT{K) ^ gr(^^) ^ gr{A^) ®gr{^^) gr(Ma) ^ 
is exact. The sequence 

(1.11.4) ^ (^Au K ^A^ (^Au Au^O 

is also exact by the flatness of r of (|1.11.2p and the hypothesis on M. We endow these two 
modules with the tensor filtrations (cf. \R0\ p. 57]). Consider the following diagram: 

^ gr{A^) (g) gr{K) ^—^ gr(^^) ^ gr(-^x) ® g^i^u) ^ 



gr(^^ ® K) gr{A^ Au) 

where the vertical homomorphisms are canonical ones. The right vertical homomorphism is an 
isomorphism by [ibid., Ch.I, 6.14]. Since the upper row is exact and 

gr(^;^) gr{K) gv{A^ (g) K) 
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is surjective by [ibid., p. 58], a is injective. This implies that the homomorphism (|1.11.4|) is strict 
by [ibid., Ch.I, 4.2.4 (2)], and a is an isomorphism. Thus, by diagram chasing, /3 is also an 
isomorphism, and 



Since gr{Ax) = (gr(^))a;, this shows that there exists F € *B such that x £ V , V C U , and 



Let My := T{V,A) ®r(u,A) ^u, and equip it with the tensor filtration. Since the filtration 
on Mu is good, the filtration on My is also good by [ibid., Ch.I, 6.14]. Since the canonical 
homomorphism 



is surjective where the first isomorphism is by condition 4, we have gr(My) = 0. Since T(y, A) 
is complete and the filtration on My is good, we obtain that My = (cf. I1.1.6p . Since M = 
•^x '^Av = 0, the fully faithfulness follows. 

Since gr(^^.) is noetherian. Ax is Zariskian by [ibid., Ch.II, 2.1.2 (4)], and in particular Ax 
is noetherian. By [Bell 3.1.1], the ring A is coherent. Thus we obtain that the sheaf of rings A 
is noetherian. ■ 

1.12 Example. — We use the notation of subsection 11.51 We further assume that gr{A) is 
a noetherian ring. By |EGA^ II, 2.1.5], the ring is also noetherian, and gr(yl) is of finite 
type over ^o- Then by the same argument as \Lau\ A. 3. 1.8], the rings C'y(O) and C'y(*) are 
noetherian. Moreover, Oy{n) is a coherent Oy (O)-module on V for any integer n, since Op{n) 
is a coherent Op = C'p(0)-module, and Oxi*) is of finite type over C'x(O). 

Applying Lemma ll.lll to the microlocalization BonV, B is a noetherian ring and pointwise 
Zariskian on V by ()1.6.3p . Let us show that B is in fact noetherian and pointwise Zariskian on 
V. It is pointwise Zariskian by (jl.5.ip . To see Definition 11.101 (i)-2. we apply (jl.5.ip . and for 
ibid. (i)-3, we apply (ll.5.2p . It remains to show that B is coherent. For this, use [Belt 3.1.1], 
and we get what we wanted. Moreover, ip in 11.61 is fiat by [Laul A. 3. 1.7]. 

1.13 Lemma. — Let {A, {Ai}i^z) be a filtered ring such that Aq is noetherian filtered, 
®i>o&\i^) ^-^ noetherian. Then A is noetherian filtered. 

Proof. By [EGA! II, 2.1.5, 2.1.6], grj(^) is finitely generated over Aq for any i € Z. Then the 
statement is nothing but [KK^ Proposition 1.1.5] applying in the case where the topological 
space is just a point. ■ 

1.14 Lemma. — Let {A,Ai) be a pointwise Zariskian filtered ring on a topological space 
X. Let {M.,Aii) be a good filtered {A, Ai) -module. Then the filtration {Mi} is separated (i.e. 

\^.Mi = o;. 

Proof. Since ^m . Mi ^ A^, we get the following commutative diagram for any x £ X. 



gr(A-) ® gr{Mu) ^ giiA!^) ® gr(Mc7) = 0. 



r{V,gT{A)) ^nuMA)) gr(A%) = 0. 



r(y,gr(^)) C3r(t/,grM)) gr(A%) = g^{^{V,A)) ^^r{r{u,A)) g^l^^c/) ^ g^C^V^) 



X 



Mx 





Since A is pointwise Zariskian, lim , Mi^x = 0, and thus, lim. Ai = 0. 
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2. Microdifferential sheaves 



We apply the results of the previous section to the theory of arithmetic ^-modules, and define 
the rings of naive microdifferential operators of finite level. 

2.1. Let S* be a scheme over Zp (which may not be locally of finite type). Let X be a smooth 
scheme over S, and let m be a non-negative integer. Then we may consider the sheaf of differ- 
ential operators of level m denoted by ^j^^ on X. For the details on this sheaf, we can refer 
to |Belj . |Be2j . |BeIj . For i G Z, let ^^"^ be the sub-Ox-inodule consisting of operators whose 
orders are less than or equal to i in (cf. |BeH 2.2.1]). By definition, ^j^^ = for i < 0. 

Then {^x^i}^^^ is an increasing filtration of which we call the filtration by order. By 

[Bell 2.2.4], the ring gr(^j^^) is commutative. Let 

r(™)*X := Spec(gr(^J"))), p(™>X := Proj(gr(^J"))). 

We call these the pseudo cotangent bundles of level m. When m = 0, we denote T^''^>X and 
pim)*x by T*X and P*X respectively, which are nothing but the usual cotangent bundles of 
X. Let f := r(™)*X \ s{X) where s: X ^ T^"^)*x denotes the zero section. Then there 

exist the canonical morphisms (cf. II. 5p as follows: 




Recall the notation Orp^m)*xi''^) for n € Z of the subsection 1 1 . 51 which is a subsheaf of Orp(ra),xi*) 
consisting of homogeneous elements of degree n. There is a canonical isomorphism g~^C'p(m),j^(n) 
Orp(^)txin') on T*X for any integer n (cf. II. Sh . We remind that (9y(,„).x does not coincide with 
Oj'(Tn)*xi*)- The following lemma is immediate from Example 11.121 

Lemma. — The rings (!?2i(,„),js^(0), Orp(Tn)*xi*) noetherian, and (ra) is a coherent 

C'^(m)*^(0)-mo(itf/e for any integer n. Moreover, Of (m)*jjf (*) is an Of (^,n)^.j.{0) -algebra of finite 
type. 

2.2. We can consider the microlocalization of (^^\ ^x^i) denoted by {S'^\ ^xf) using the 
technique of subsection 11.51 This is a filtered ring on T^"^'^*X. Then there exists a canonical 
homomorphism of filtered rings 

^„:vr-i(^i-),^i-))^(4-\4-^ 
By ()1.6.3p . we have canonical isomorphisms 

(2.2.1) gr„(4"^) = OtC")*^^, gr(4"^) = CtC-)-^!*)- 

Since gr(^j^^) is a noetherian ring by [Bell 5.2.3], 4™^ is a pointwise Zariskian and noethe- 
rian, and moreover ip^ is flat by Example 11.121 Moreover, since the canonical homomorphism 
'n-~^'K:^Orp(m),xi*) ~^ (^T("^')*xi*) is injective, gr{ipm) is injective as well, and thus (pm is strictly 
injective by [101 Ch.I, 4.2.4 (2)]. 

2.3 Lemma. — We preserve the notation. We further assume that S and X are affine, and 
S = Spec(74). Let S' := Spec(i3) be an affine scheme finite over S. We put X' := X x s S' , and 
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we have the base change isomorphism T^-^)*X' ^ T^'^^X Xs S' (cf. [BeTl 2.2.2]). Let f be a 
homogeneous section of T {T^'^^* X , Orp^m)* j^) , and f be the image in T{T^'^^*X' ,Oj^(,n)^.x')- We 
put U := D{f) and U' := D{f'). Then there exists a canonical isomorphism of filtered rings 

r(c/, (4"^^ 4?)) (^aB^t{u', (4'^^ 4t!)) • 

Proof. By [Bell 2.2.2], there exists an isomorphism 

(2.3.1) r(x, (^J;) , ^^B^ T{x', (^S?;,. ^S?;,,,)) . 

We denote r([7, (4"\ 4^^)) by {Ex,Ex,^), and r(X', ^^,7^^) by {Dx',Dx',i). The 

isomorphism (|2.3.ip induces a homomorphism of filtered rings {Dx'-,Dx',i) {Ex,Ex,i) 0a B. 
Since B is finite over A, {Ex-,Ex,i) ®a -B is a complete filtered ring by |H01 Ch.II, 1.2.10 
(5)]. By the universality |Laul Proposition A. 2. 3. 3], {Ex,Ex,i) 0a B is the microlocalization of 
{Dx' , Dx',i), and the lemma follows. ■ 

2.4. Now, we will pass to the limit. Let i? be a complete discrete valuation ring of mixed 
characteristic (0,p) whose residue field is denoted by k. We denote the field of fractions by K, 
and let vr be a uniformizer of R and for a non-negative integer i, we put Ri := i?/(7r*+i). Prom 
now on, we use these notation freely without referring to this subsection. 

Let ^ be a smooth formal scheme over R. We denote by Xj the reduction of ^ over Ri, 
and we sometimes denote Xq simply by X. We define and P^"^^* ^ by the limit of 

T^^^*Xi and P^"^^*Xi over i respectively. Let e. : 0{V) i3(^') be the functor in 11.51 where 
V = T^^^* ^ . Let be the open basis of V consisting of D{f) in T* ^ over an affine open 
subscheme ^ of where / is a homogeneous element of r(r(™)*'^, 0^(™).^: ). We define an 
open basis *B of ^ to be the set consisting of C/ € i^iV) such that e.{U) G *B'. 

Lemma. — The rings O2^(m)._^-(0) and Oj^(m)*^{*) are noetherian with respect to *B, and 
Of(m)t,^{n) is a coherent O f^^^^. ^-{0) -module for any integer n. Moreover, jr (*) is an 

Of(m)t,^{Q)-algebra of finite type. 

Proof. The proof is the same as Example II. 12^ so we only sketch the proof here. We put 
y := T'^m)*^ f ._ . To see that 0.{\n) is a coherent a^(0)-module, it suffices to 

point out that Op(m).^-(n) is a coherent C'p{m).^- = C'p{m). ^■(O)-module. The proof that 0/(*) 
is of finite type is the same. It remains to show that Oy{0) is noetherian. The only thing we 
need to check is the coherence of Oy(0) and 0-^{*) around the zero section, and for this, apply 
[B^ 3.1.1] as in Example [HSl ■ 

We define a sheaf of rings on the topological space r(™)*^ ^ T(™>X denotes a canonical 
homeomorphism of topological spaces) by 

S^- := nmsj^. . 

i 

For j G Z, we also define 

^x-'j :=^4j- 

i 

We remark that the "filtration" f^'^j of 4™^ is not exhaustive. We define a submodule (which 
is in fact a ring by Lemma 12.51 (iii) below) by 
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There is a canonical homomorphism of rings on T^"^^* ^ 
(2.4.1) 

This homomorphism is injective by the injectivity of ipm in 12.21 Since ^m(7r~"^^^^) C f^^^, 

^ml^-i^(m) induces a homomorphism of modules vr"-^^^^ — )• (^^^ We abusively denote this 

homomorphism by ipm ■ We see from the following Lemma 12.51 (iii) that this homomorphism is 
in fact a homomorphism of rings. 

2.5 Lemma. — Let ^ be a smooth formal scheme over R. Let^ be an open formal sub scheme 
ofT^"^)*^ belonging to «B. Let i be a non-negative integer, and we denote ^ (B) Ri by Ui. 
(i) The ring is TT-adically complete and flat over R, and for any integer j, 

In particular, the canonical homomorphisms (?) -Rj — s- 4™'' 4"^ ® -Rj — >■ 4"*^ ^'"^ 

isomorphisms. 

(a) Let j be an integer, and k be a positive integer. Let S be one of 4"]+fc' '^x''''^' '^x^^ ■ 
We have 

r(^,^/4?]) - r(^,^)/r(^,4?]), 4"!]+fc/4"] = ^47]+fc/4l!]- 

i 

(iii) Let k and j be integers. Then (^^j • <^aj^l. C 4^]+fc 4"^' '^^^ particular, 
(4"^ {4^]}isz) « filtered ring. Moreover, the n-adic completion of is isomorphic 
to ^ • 

(iv) We have the following isomorphisms 

4?^= ^ 4tV41!]' 4"^= 4'"V^^;], 4™^= ii™ 4'"V4"]- 

J— ^ — OO J— > — OO J— > — oo 

/n particular the filtered ring S'ij^^ is complete with respect to the filtration by order. 

Proof. For a projective system {J-i}i>o on a topological space T and for an open subset U of T, 

(2.5.1) r(c/,^j-i) ^^r(c/,j-,) 

i i 

by |EGAl Oi, 3.2.6]. For an inductive system {Ti}i>o on a noetherian topological space T and 
for an open subset U of T, 

(2.5.2) r(C/,lir^J-i) ^lir^r(C/,j;) 

i i 

by [Hal Exercise II. 1.11] (or |SGA41 Exp. VI, §5] for a thorough treatment). Since ^ is an open 
subset of an affine smooth formal scheme e.('^), ^ is a noetherian space. 

By the commutation (12311 and the definition of 4"^] in[231 r('^, 4™]) = ^{Ui, 4"])- 

Since r(C/i, 47^) is flat over r(C/i, &^^^) (cf. E2D, the ring r{Ui, 47^) is flat over Ri. Thus we 
get (i) by Lemma 12.31 and the following Lemma 12.61 

Let us prove (ii). Let be a positive integer or oo. When k = oo, we put 4"^]+/; ~ 47^ 

and 4":]+. = 4"^- By dm), 

nu^, 43w43) ^ r(f/., 43+.)/r(^, 4:])- 
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Since the projective system {r(i7j, (f^™"^)} .^^ satisfies the Mittag-Leffler condition by (i), the 
sequence 







is exact. Considering (|2.5.ip . this shows that 

(2.5.3) r(^,^4™Jv4;;]) - v{^,sp]_^,)/m,<gi 



(m)^ 
.3' 



Since 55 is a basis of the topology, the canonical homomorphism . 
is an isomorphism, and the second equality of (ii) follows. The first equality of (ii) except for the 



5>(m) leim) 



^m . 



S = c^se follows by using (|2.5.3p again. For S = S"^' case, use (|2.5.2p and S' = ^rj+fc 



(m) 



case. 



The first claim of (iii) follows since is a filtered ring. By (i), ifi^"'' is the vr-adic completion 



of ^. 



[m) 



Let us prove (iv). To see the first two isomorphisms, we use the commutativity ()2.5.ip . and 
the fact that two projective limits commute. We will show the last isomorphism. For an open 
affine subscheme in *B, consider the following exact sequence 



(m) /^(m)^ 







for integers k > j. The last surjection is deduced by using (ii). Since the projective system 
{T{'^,S'^^/£'^h} . satisfies the Mittag-Leffler condition by (ii), the following sequence is exact: 



— 41/41 



(m) 



.^.lir^/|"V41 



where j 



-oo and k oo. Thus the lemma is proven. 



2.6 Lemma. — Let {£'j}j>o be a projective system of R-modules such that for each i, Ei is 
a fiat Ri-module. Assume that the homomorphism i^i+i ® Ri ^ Ei induced by the transition 
homomorphism is an isomorphism for any non-negative integer i. Let E := ^m . Ej . Then the 
canonical homomorphism 



E(^Ri 



Ei 



is an isomorphism for any non-negative integer j. Moreover, E is n-adically complete and flat 
over R. 



Proof. For non-negative integers a > b, we denote by 
phism. Consider the short exact sequence: 



Efy the transition homomor- 



^ Ri y ^i+j+i 



R, 



0. 



Now, we take Ei^j^i^ji^^.^^^, and we have the following diagram. 



(2.6.1) 



E., 



■ ^ Ri ^ Ei+j+l ^ R-i+j+l — 

*- Ei ■ ■ >■ 



Ri 



i+j+l yy ■•-'■J 
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Here the tensor product is taken over Ri^j^i, and the dotted arrow is defined so that the 
diagram is commutative. By the flatness of Ei^j^i over the upper horizontal sequence 

is exact. We note that tpi does not depend on j, and the following diagram is commutative for 
any non- negative integers i and k. 

^i+k ^ ^i+j+k+1 



'>i+j+l,i+i + k + l 



Ei ■ — ^ Ei+j+l 

Thus the lower exact sequence of ()2.6.ip induces an exact sequence of projective systems with 
respect to the index i € N. Since the projective system {Ei}i^z satisfies the Mittag-LefHer 
condition, the sequence 

O^E^E^Ej^O 

where V' '■= ^m , tpj, is exact. By definition, -0 is the homomorphism of multiplication by tt^^^. 
Thus the lemma follows. ■ 

2.7 Lemma. — Let Y := T^™)*^. Let A = 0^^^ A be a graded O^}{0)- algebra of finite type 
on y such that Ai is a coherent Oy{0) -module for any i ^'L. Then for any V C U in the 
restriction homomorphism T{U,A) T{V,A) is flat, and A is noetherian with respect to *B. 

Proof. We put O := 0.^f^Qy Let us check the conditions of Definition 11.101 (i). The condition 2 

of ihid. follows since A is of finite type over O. Let U be an open subset of in 5S such that 
there exists a surjection 0: 0[Ti, . . . , r„]|[/ — )■ A\u- We claim that the homomorphism 

T{U,0[Ti,...,Tn])^T{U,A) 

is surjective. Indeed, since Ai is a coherent O-module for any i, Ker((/)) is an inductive limit of 
coherent 0| [/-modules. Since U is noetherian and separated, we may use |SGA41 Exp. VI §5] 
on [/, and thus H^{U, Ker (</>)) = 0, which implies the claim. Thus the condition 3 is fulfilled. It 
remains to show that ^ is a coherent ring. For this, it suffices to check the conditions of |Bell 
3.1.1]. For C [/ in 55, we have the restriction isomorphism T{V, 0)iS>t{u,0)'^{U, Ai) ^ T{V, Ai) 
for any i since Ai is a coherent O-module. This induces an isomorphism 

T{V, O) (^riu,o) r(f/, A) ^ r{V, A). 

Since the restriction homomorphism T{U, O) — )• T{V, O) is flat, this isomorphism is showing that 
T{U,A) T{y,A) is flat as well. Thus the claim follows. ■ 

2.8 Proposition. — Let ^ be a smooth formal scheme over R. 
(i) The rings <Sg^\ '^^o ^'^s noetherian with respect to 5S. 
(a) The homomorphism (pm of (|2.4.ip is flat. 

(Hi) Let S be either S^^^q or S'^^ or For any open subsets D Y in^, the restriction 

homomorphism 

v{^,s) ^r(r,<^) 

is flat. 

Proof. Let us prove (i). First, we will show the claim for ^^'^ and ^^^q- Let us check the 
conditions of Lemma [LllJ for i^^"* (resp. ^^l) on 

y f(m)*a^^ The conditions 1 and 4 hold 
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by Lemma 12.51 By Lemma 12.51 (ii), gr(^^ ) = C^(*) as graded rings. By Lemma 12.41 this 

implies that grj((f^'*) is a coherent Oyj(0)-module on for any i S Z, and gr((f^'*) (resp. 

gr((f^Q)) is an Oy;(0)-module of finite type on 'Y . Thus by Lemma [221 the conditions 2 and 3 

are fulfilled. This implies that <^^^ and <^^o noetherian with respect to 03 on 'Y . It remains 
to check that the rings are noetherian around the zero section. For this, we only need to see the 
coherence by using (jl.5.2p . Using [HOI Ch.II, 1.2.1], ^Pm\f is flat. Thus, we conclude the proof 
by using [Bell 3.1.1]. 

For let us endow with the vr-adic filtration {vr~*(fj"^ } (cf. fTX2]) . Since <^jr ^ is 

TT-torsion free by Lemma 12.51 (i), the homomorphism (o'^'^^[T] — >■ gr((o'^^) sending T to vr G 

gr]^(<f^^^) is an isomorphism. It is straightforward to check the conditions of Lemma ll.lll We 

remind that the vr-adic filtration can also be used to show that is noetherian. 

To prove (ii) and (iii), it suffices to apply (i) and [HOI Ch.II, 1.2.1]. ■ 

Remark. — By the proof, we can moreover say that ^^^^ and ^^^\ are pointwise Zariskian 
with respect to the filtration by order on T*^™"-**^, and s')^^ and are pointwise Zariskian 
with respect to the vr-adic filtration on T^^^* . 



2.9. Now, we define 



The homomorphism (pm of (12.4. ip induces a canonical injective homomorphism 

^„®Q:vr-i^j!;}j^4!;)j. 
If there is no risk of confusion, we sometimes denote 

® Q abusively by (pm- We call the 
sheaves the rings of (naive) microdifferential operators of level m. Proposition 

implies the following. 



Corollary. — The rings s')^- q and s')^- q are noetherian with respect to !B. Moreover, ifm ®^ 
and the restriction homomorphism ^<§) — >■ T{'y ,S) are flat for D in *B, where S is 
either <^pj^ or ipj^. 

2.10. Let us describe sections of rings of microdifferential operators explicitly. We use the 
notation of l2.41 Suppose in addition that ^ is affine, and possesses a system of local coordinates 
{xi, . . . ,Xd}- Let {di, . . . ,dd} be the corresponding differential operators. Let k he a positive 

integer. We have a differential operator Q^^'^^'™' for any 1 < i < d in ^^^i^ for any integer / > 

or in ^^■^ (cf. |Bell 2.2.3]). Write k = p^ q + r with < r < p^ . Recall that there is a relation 
(cf. [Bin (2.2.3.1)]) 

Now, these operators define elements in gr(^j^^) by taking the principal symbol (cf. I1.1.4p . 
We denote cT(9f^^'"') by in gr^i^'^'^) C gT{&'£'^). From now on, we use the multi- 

index notation. For example, for A; = (A;i, . . . , kd) G N"', we denote ^- := ^["^ • • • C^'') d^-h^) ■= 

g(fcl>(™) _ _ _ ^(A:,)(„) ^ - + . . . ^ 

Let 
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be a homogeneous section of degree n. We consider n^^O^ as a subring of Orp(m)t^. This 
section induces a section G^"^) G r(r(™)* JT, O^t™).^ ) for any integer m > in the fohowing 
way: we may write 

(2.10.1) = E 

\k\=n 

where fc E N*^ and ak^r{^, O^ ) in a unique way. We put 

\k\=n 

where ^-^""hm) (^(p™)(m))fc ^j^j^ ._ (^pm^ . . . ^p"^). The homogeneous element G induces 
also elements in or ^j^"* • We put 



where the subscripts / and r stand for left and right respectively. Since ^ = ^h^,- q for any 
non- negative integer m , we sometimes consider these operators as sections of q. 

Let be the open affine subset of T^"^^* ^ defined by Q^'"). We claim that the operator 
Gi™^ (• G {l,r}) is invertible in r('^,(fj"^). Indeed, the inverse of qI"^^ in S'jp^ has degree 

—np"^ for any /. Since the inverse of gI™^ is unique in ^Xi^\ these elements induces an element 

Ot ^^Xi-np"- - '^S:-np^ ^ '^S- ■ 

Let and {6'^. be sequences in , O,^ ) for A: G N'' and i G N such that the following 

hold: for each integer N, let (3]\f^i := supj^i^j^pm^jv where | • | denotes the spectral norm 
(cf. [Hill 2.4.2]) on r(^,0.r). Then 

(2.10.2) lim pN,i = 0, lim sup{/37v,i} = 0. 

We assume that the same conditions hold for 6^ .. In the sequel, we consider the ring 7r~^i^j^^ 

(resp. 7r~-^^^^) as a subring of S"^^ (resp. fS"^^) for any Z by of 12.21 (resp. (pm of ()2.4.ip ). 
The sums 

(2.10.3) Yl E h,d^''^^"H&\"'Y\ E E (0l'"^)-*9<^^""'bi^i 

iVeZ |fc|-mp'"=7V N&\k\-inp"'=N 

converge in ?([/;, ^^7^) any L We note that N is the order of (q[™V* or (©r'^V* , 

and X]|fc|_j„pm=^ ... are finite sums by the first condition of (|2.10.2p . and Yy\k\-inp"^=N ■■■ = ^ 

^ by the second condition. Since these elements form projective systems over /, we have 
two elements in r('^,(f^^). Even though the sums of (12.10.3[) do not converge in r('^,(f^™^) 
with respect to the 7r-adic topology in generat^^j, we abusively denote by (j2.10.3p for these two 
operators in r(^,(^i™'^^ 



Lemma. — For any element P G V{'^ ^s'^^), there exist sequences {hk^i} and {^^ j} for 
^ G N*^ and i G N satisfying (I2.10.2p such that P can he written as ()2.10.3p . Moreover, if 

P G r('^, <^4™]) f'^'"' ^ome integer j, we can take b^^i = ^fc j = fci" \k.\ ~ inp^ > j. 

The first one is called a left presentation, and the second a right presentation. We remind 
here that presentations are not unique. 



However, we are able to define a reasonable weaker topology on r{'W , S'^^^) such that these sums converge. 
In the curve case, see |AMI 1.2.2]. 
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Proof. We only see the left presentation case. Since r('^, (fj^j) and r('^, (S'^^) are flat over R 



and TT-adically complete by Lemma 12.51 (i), it suffices to show that any element of T['^ , <§'^^-) 



can be written as 

N£Z \k\-inp"^=N 

with Cfc.j G r(Xo, Cxo) such that the following holds: for each integer N, Ck.i = for almost all 
couples {k,i) € N"^ x N such that |A:| — inp"^ = N, and Ck,i = for any \k\ — inp"^ > j. This 
follows from Example 11.31 ■ 

2.11. Let • € {/, r}. We used gI"^^ to describe elements of ■ We may also use a variant of 
q(j^+3) £qj, j > to describe them. Suppose is written as (|2.10.ip . Then we put 

Q{m,m+j) ._ fjP^+' ^kiy>{f'')in,)^ 

|fc|=n 

Q(m,m+j) _ ^ qP™+^' 5fcpi(p'">(„)^ Q{rn,m+j) ._ ^ qMp" l<P"') (n.) ^P^^ \ 

|fc|=n 1^1='^ 

Lemma. — Let m' > m be an integer, and we put j := m' — m. 
(i) Let r^,^, := (p™'!) • G Z^. Then 

^ m,m' ^ 

(a) The operator Q^"*'"* •* is invertihle in 
Proof. We know that for any 1 < i < d, 

' m,m' Sj 

Since r^,™' does not depend on i, we get (i) by definition. For the proof of (ii), just copy the 
proof of the invertibility of G^™^ in 12.101 ■ 

Let m' > m he an integer. We claim that any S G T['^ can also be written as 

^GZ |fc|_mpm'=7v A^G^ |fc|-mp™'=Ar 

with sequences {ck^i}, {c^ j} in r(^, O,^ ) for A; G N'^ and i G N, such that the following holds: 
for each integer N, let -fN,i ■= sup|^|^.^p,„/_^^ |cfc,j|. Then 

hm /3N,i = 0, lim sup{7Ar,j} = 0. 

i— >oo N—^+oo j 

The verification is left to the reader. 



2.12. We will see a relation between the characteristic varieties and the supports of microlo- 
calizations. Let ^ be a coherent ^^^-module. The characteristic variety of level m denoted 
by Char'-™'^(^) is defined in |BeH 5.2.4], where the notation Car^'"-* is used. Let us briefly recall 
the definition. First, we take a p-torsion free coherent i^j^^-module such that ®Q = ^ 
using |BeH 3.4.5]. Then, ^'/vr is a coherent ^^^-module. We take the characteristic variety 
of filtered module (cf. Remark ll.7p . which is defined as a closed subvariety of T^"^^*X. This is 
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called the characteristic variety of We can check that this does not depend on the choice of 
as written in ibid. If it is unlikely to cause any confusion, we sometimes abbreviate Char'-™'^ 
as Char. 

Let us define another subvariety of T^^^*X defined by Consider the following coherent 
<f!Q-™odule 

which is called the microlocalization of ^ . Note here that since (I'^q(^) is an (f^^-module 
of finite type, the support Supp((f^Jj(^)) C T^™)* JT is closed by [EGll Oi, 5.2.2 



(3) 



2.13 Proposition. — Let ^ he a coherent S'^^^^-module. Then, we have the following equality 
of closed subsets of T("'> ^ : 

Char(™)(^) = Supp(<l5^^(^)). 
Proof. Take a coherent ^^^-module flat over R and ® Q = By definition, 

Char("')(^) = Char(^' k). 

Let us calculate the support of the microlocalization. Since is pointwise Zariskian with 

respect to the p-adic filtration by Remark 12. 81 the p-adic filtration on f^]^^ '5S>tt^^' is separated 
by Lemma ll.141 and thus, 

Supp(<?^^ vr-^^O = Supp(<4™^ vr-^^O- 

Moreover, since s'^^ is flat over 7r~-^^^\ ® is p-torsion free. Thus, 

Supp(<?^^(^)) = Supp(<fjr) 7r-i mo- 
using Lemma ll.8t we get the result. ■ 

2.14 Remark. — P. Berthelot pointed out to the author another method to define <^^^ ■ Let 
be a smooth afhne formal scheme over R. Let be a homogeneous section of r(r*,;^, Ot*.x')- 

For each i > 0, there exists an integer m' > m such that Q^"^'"^ ^ is contained in the center of 

Note that in this case, a ring, and S be a multiplicative 

system of A consisting of elements in the center of A. We can construct the ring of fractions 
S~^A as the commutative case. (The details are left to the reader.) Using this, we define 

r(Z5(e(™)), jf^i^)) := s^l^^,^ r(z)(e(™)),7r-i47)), 

where SQ(m,m') denotes the multiplicative system generated by Q^"^'"^ \ We see easily that this 
does not depend on the choice of m' and defines a sheaf. By taking the completion with respect 
to the filtration by order, we get By definition, the sheaf ^^J"^ is a noetherian ring. 



'^-'In ibid., only commutative case is treated, but the same argument can be used also for non-commutative case. 
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3. Pseudo cotangent bundles and pseudo-polynomials 

3.1. Recall the notation of 12.41 Let A be a commutative i?-algebra, and m be a non-negative 
integer, d be a positive integer. We define 

. . . , Cd]^"^ := A[ef I J = 1, . . . , d, i = 0, . . . , m\/I^ 
where is an indeterminant for any i and j, and Im is the ideal generated by the relations 

for 1 < j < d and < i < m. We note that (p^^^l) ■ (pM)"^ G Zp. We call this the ring of pseudo- 
polynomials over A. We denote by A{^i, . . . ,^dV^^ the p-adic completion of A[^i, . . . 
We call this the pseudo-Tate algebra over A. We note that for an i?-algebra A, 

(3.1.1) A . . . , u]^^^ - . . . , ed]^"^^ 

Lemma. — Let A be a commutative R-algehra. For any non-negative integers m' > m, there 
exists a unique isomorphism of rings 

A[^u . . . ® Q ^ ^[6, • • • ® Q 

sending to ^'""'^ /or 1 < i < d. 

Proof By (f3TT]) . it suffices to show that • • • , Cd]^™^ = ^[6, • • • , Cd]^"'^- By the definition 

of Im, we have K[Ci, ^J^") = -fC[ef , • • • , ^ ^'"'l- Thus the lemma follows. ■ 

3.2 Lemma. — Let ^ = Spf(74) be an affine smooth formal scheme over R possessing a 
system of local coordinates {x\, . . . ,Xd} on . Let Ai := A eg)/? Ri. Then there exists a ring 
isomorphism 

^.[6,...,ed]^'"^^r(x„gr(^J;))) 

sending to a{dk), where a denotes the principal symbol (cf. I1.1.4p . for 1 < k < d. 

Proof. The surjectivity follows from |BeH 2.2.5]. To see the injectivity, we note that the set 
|fj(^)(m)| where A; G N'^ forms a basis of as an -module, and use [ibid., 2.2.4]. ■ 

3.3. Let X be a smooth scheme over k, and m > be an integer. Let X^"^^ := X (S)k f™* k 
where FJJ^* : A; — )• /c is the m-th absolute Frobenius homomorphism (i.e. the homomorphism 
sending x to x^™). By |BeH 5.2.2], we have a canonical isomorphism 

(r('")*x)red ^ X x^(„, r*x(™) 

where red denotes the underlying reduced scheme. The scheme T*X^'^^ is deduced from T*X by 
the base change X^™) — )• X. This induces the canonical morphism of schemes (which may not 
be a morphism over k) 

(rM*x)red ^ T*X 

such that the underlying continuous map is a homeomorphism of topological spaces. Since 
the topological space of r(™)*X is homeomorphic to that of T^™)* JT, we also get a canonical 
homeomorphism j^i"^)* ^ T*J?r. Consider the situation as in 12.101 The affine open subset of 
T* ^ defined by and that of defined by ©("^^ are homeomorphic under this canonical 
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homeomorphism. From now on, we identify the spaces using 
these homeomorphisms. In particular, we consider etc. as sheaves on T*^ or T*X. We 

denote the projection vr: T* ^ — >■ J^T. The notation "vr" is the same as the uniformizer of i?, but 
we do not think there wih be any confusion. This identification also induces the identification 
of topological spaces 

P*3^ K P*X « « 

3.4 Lemma. — Let ^ he an affine smooth formal scheme over R of dimension d. We use the 
notation and the identifications in l3.3[ Let • E {Ur}. We take non-negative integers m' > m. 

(i) For any integer k, there exist integers ak,bk > such that the following holds: let Q £ 
T {T* ^ , Ot* ,9: ) he a homogeneous section of degree n. 

(a) The operator 

which is a priori contained in T{D{Q), (^^q) hy Lemma \2.\l\ {\) . is contained in T[D{Q),si^ ^) 
for any |/| — inp^' > k. If dp^'^^ < k, we may take = 0. 

(h) The operator 

is in r(D(6), (f^'"'') for any \l\ — inp™"' < k. If k < we may take = 0. 

(a) Let € T{T* ,Ot*S') he a homogeneous section. Take an integer m" such that 
m < m" < m' . Suppose P = a ■ S^-^^™-' (0^™"'™ ^)~' with a £ R is contained in T{D{Q), ^). 
Then it is also contained in T{D{Q),S'[^ ^). 

Proof. First, let us show (i). Since the proof for (b) is essentially the same, we concentrate on 
proving (a). We show the following. 

Claim. — Let m' > be an integer. For integers m, a, k such that m' > m > 0, m' — 
m > a > 0, there exists an integer ak,m,a ^ such that, for any and |/| — inp"^ > k, 
p0.k.m,aQ{i}[ra){Q(^^^')yi gqual to tt • 5^^) (© ('"+''''^' ^ ) with somc aelp. li k > dp'"'^^ 
we can take ak,m,a = 0- 

Once this claim is proven, the lemma follows by taking a = m' — m. 

Proof of the claim. Let b := m' — m — 1 > —1. We will show the claim using the induction on 
b. When 6 = — 1 or more generally a = 0, we can take afc,m,a = 0. Since we can take a.k,m,a = 
Oik,m+i,a-i + afc,m,i, it sufficcs to show the existence of ak.m,i by the induction hypothesis. 
There exists a number c G Z* such that 



For r G N*^, we put 

d r // 



9(0 ■= E 



pm+l 



where [a] denotes the maximum integer less than or equal to a. Then 

Q{L)(m) — (J p9{^^ Q{L)(m + l) 
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with c' eZ*. Since 



we get inequalities 



P 



,m+l 



1 < 



IP' 



1l_ 

,m+l 



< 



P 



,m+l ' 



inp + 



P' 



m+l 



d< 



P 



,m+l 



nm+l 



9(1)- 



Thus, 



and we may take ak^m,i = niaxjO, [d — kp~^"^^^^ + !]}• Thus, we conclude the proof of the 
claim. □ 

Let us prove (ii) on D{Q). We get 



^m'-m j-jn _ Q{m' ,m') 

where n denotes the order of 0, and u denotes a number in Z* Thus, for m < I < m' , 



(3.4.1) 



We also 



where u' and ui denote numbers in Z*, and ai is equal to n ■ {p"^'~^ + • • • + p"^'-"^-i) 
get 

d I 

(3.4.2) =n'/'a<^>W, 6; = ^ ^ [p-^fcj.]. 

j = l i=m+l 

Now, we will define two functions f,g: [m,m'] — ?• M. The function / is the continuous function 
such that it is affine on the interval [/, / + 1] for any integer I in [m, m'[, and 

d I 

f{l) := ordp(a) + k = ordp(a) + b^*%]i 

j=l i=m+l 

where or dp denotes the p-adic order normalized so that ordp(p) = 1. The function g is the 
continuous function such that it is affine on the interval [/, I + 1] for any integer / in [m, 77i'[, and 

g{l) ■= I ■ ai = ni ■ [p +p ^ H +p ). 

Since the operator 9^-^'™' (gI™'™" ^)~' is a section of we have g{m) < f{m). By (13.4. ip and 

(j3.4.2p . it suffices to show that if g{m') < f{m'), then g{l) < f{l) for any integer I in [m,m']. 
We put 

d 

Df{l) := /(/) - /(/ - 1) = ^ [p-'' k,], Dg{l) := g{l) - g{l - 1) = nip"''-'. 

i=i 

For any a € M, we havep~"'^-['^] ^ [j'^"'^'^]- Indeed, p~^a > [p^^a], and a > p-[p~^a\. Since p-\p~^ a] 
is an integer, we get what we want by the definition of [•]. This implies that p^^ • [p^^'kj] > 
and thus 

p~' ■Df{l)>Df{l + l). 

In turn, we have p~^ • Dg{l) = Dg{l + 1). Suppose there exists an integer I in ]m, m'] such 
that f{l) < g{l) and /(a) > g[a) for any integer a in [m, Z[. This shows that Df{l) < Dg{l). 
Thus, Df{b) < Dg(b) for any I < b, which implies f{m') < g{m'). This contradicts with the 
assumption, and we conclude that g{l) < f{l) for any m < I < m'. ■ 
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3.5. Let M and M' be p-torsion free i?-modules. A p-isogeny (p: M --->■ M' is an isomorphism 

ct)Q : M (g) Q ^ M' (g) Q 

such that there exist positive integers n and n' satisfying 

• (^q(M) cm' C p-"' • <l)QiM). 

Here (pQ is called the realization of the p-isogeny. We say that the p-isogeny is a honioniorphism 
if we can take n to be 0. 

Lemma. — Let M and M' be p-torsion free R-modules, and let (p: M M' be a p-isogeny. 
Then this induces a canonical p-isogeny 



where ^ denotes the p-adic completion. If the given p-isogeny is a homomorphism, the induced 
p-isogeny is also a homomorphism. 

Proof. Let cpiQ^: M M' Q be the realization of the isogeny. By definition, there exists an 

integer n such that p" • cpQ induces a homomorphism M M' . We denote this homomorphism 
hy (pn - M ^ M' . Let C := Coker{(pn). Since cp is a p-isogeny, C is a tt*^ -torsion module for 
some integer n' > 0. We have an exact sequence of projective systems 

^ {C}^>„, ^ {M ® Ri}i>n' ^ {M' (g) R,},>n' ^ {Ch>n' ^ 0, 

where {C}^>„, denotes the projective system {•••— )-C-^C^C^...}, and {C}j>„/ is the 

projective system {••• — >-C ^ C ^C— ;-...}. Since any projective system appearing in the 
short exact sequence above satisfies the Mittag-Leffler condition, the exact sequence induces an 
exact sequence 

by taking the projective limit. Thus, we get a p-isogeny (pQ := p~" • (pn- M (g) Q — >■ M' Cg) Q as 
desired. By construction, the homomorphism (pQ does not depend on the choice of the integer 
n. ■ 

Let be p-torsion free i?-modules a topological space X. Then exactly in the same 

way, we can define p-isogeny (p: .M --^ Namely, it is a homomorphism of sheaves of 

modules (/>q : .M (8> Q — > ® Q such that there exist positive integers n and n' satisfying 
p" • (^q(^) dJ^'c p-" (/-qI^). We say that the p-isogeny is a homomorphism if we can take 
n to be 0. 

3.6. Let ^ = Spf(A) be an affine smooth formal scheme over i?, and assume that it possesses 
a system of local coordinates {xi, . . . We identify the ring of global sections of 0^(m).^- 

with ^{^1, . . . , ^d}^™^ using Lemma [3?2l Let be a homogeneous element of ^[^i, . . . ,^d] whose 
degree is strictly greater than 0. For a commutative graded ring A and a homogeneous element 
/ G A, we denote the submodule of degree n of the graded ring Aj by A(j-)(n). Then by 
construction of Op,{m) 

r(z)+(e),Op.(™)^^(n)) - (^[6,...,ed]|eL)H)^ 
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where ^ denotes the p-adic completion, and we used the notation of |EGAl II, (2.3.3)]. For 
m' > m, we note that 

(3.6.1) (^[6, • • • ,ed]|eL)(^))^ = (^[^1' • • • ,^^]Sel-'))H)^ 

since there exists Q € . . . , ^d]^™^ such that 

Lemma EJU (i) and the isomorphism . . . , (g) Q ^ . . . , ^d]^'"''' Q of Lemma O 

induces the following homomorphism. 

• • • , ed]^73) ^ ^[^1' • • • ' ^^i^i,™') ® Q 

Using Lemma 13.41 (i)-(b), this homomorphism defines a p-isogeny 

for any n € Z. For n < p™"^^, this p-isogeny is moreover a homomorphism by the same lemma. 
This defines a p-isogeny 

(^[6, . . • ,C.]Je('i'))(^))" — (Ml, . . . ,ed]Je(l..'))H)" 
by Lemma 13.51 Composing this with (j3.6.ip . we get a canonical p-isogeny 

(^[6, • • • , uf;;[U^{n)r — (^[6, . . . , Cd]|eL)(n))^ 

which is a homomorphism for n < p™""*"^. By construction, this p-isogeny is compatible with 
restrictions. Moreover, since of Lemma 13.41 does not depend on O, this induces a p-isogeny 
of sheaves. Summing up, we obtain the following lemma. 

Lemma. — Let m' > m be non-negative integers. For any n € there exist canonical 
p-isogenies of sheaves of modules 

on the topological spaces P*X and T*X respectively. These are homomorphisms for n < p™"*"^. 

3.7 Lemma. — By using the homomorphism of Lemma I3.6L Op*(m)^- can be seen as an 
O p,(mi) of -algebra. Then C'p,(m)^- is a coherent O p,(„^') ^- -algebra. 

Proof. Let be a homogeneous element of ^[^i, . . . , Cd] whose degree is strictly greater than 0. 
First of all, let us show that the homomorphism of rings 

(3.7.1) mi,---,U]%U){0)r ^ (^[ei,...,^d][el))(0))^ 

is finite. By construction of (j3.7.ip . it suffices to show the finiteness of the homomorphism 

Ml, ■ ■ • ,Cd]je;io)(0) ^ ^[6, . . . ,Cd]|e{l,™'))(0)- 



Let 



S ■■= { {k,M,i) xn 



k, < P-' for any \k'\ < ord(e), and 
\k\ + |fc'|p™' =ip'"' ord(G) 
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The condition |A;| + jfe'lp™"' = ip™"' ord(0) means that the order of 

is equal to 0. Obviously, #5 < oo. Let 

T := {k(£N'^\ke p""' N'^, \k\ = ip""' ord(e) for some integer i}. 

The set T is a submonoid of the commutative monoid N*^. For any k T, there exists n € Z* 
such that 

(3.7.2) ^ih)(m) (-0("i,m'))-i = ^ . ^(fc>(m') (-0(m'))-i. 

Let 

[/ := {fc G N'^ I 1^1 = ip""' ord(G) for some i]. 

This is also a submonoid of N'^. Let 

S' ■= {/ G N"* I there exists {k,!l, i) G S such that l = k+ p"^'k[]. 

The monoid T is a submonoid of U , and S' is a finite subset of U . We claim that U = T + S' . 
Indeed, take [€ U. We can write [ = i + p"^ such that € N'^ and ij < p^ for any j. Now, 
there exists A/ such that |A/| < ord(0), i^- > k'^ for any j, and 

\iL\ - \U] = [\iL\ ■ (ord(e))-i] • ord(e) 

where [a] denotes the maximum integer less than or equal to a. We put k := i. Then there 
exists an integer i such that |i| + p^ \k!] = ip"*ord(6). By construction {k,k^,i) € 5, and 
pm' ■ {I- k!_) eT. Since / = p'"' • (i^ - fc^) + (fc + p™'^), the claim follows. Considering 1^7^, 
this implies that the homomorphism 

© . . • ,Cd]je;i,,)(0) ^ A[C^, . . . ,ed]|e(l,..'))(0) 
les 

sending 1 sitting at the {k,k^,i) G S component to ^(t.+l^P"' )(m) (0(m,m')^-i gurjective. Thus 
the homomorphism (I3.7.ip is finite. 

Let us see the coherence. Let H be another homogeneous element of whose 
degree is strictly greater than 0. Let be the affine open subset of P* ^ defined by Q, and 

by that of H • G. It suffices to show that the canonical homomorphism 

(3.7.3) r(^, (!?p.(™),3,.) ®rc>^,o^.(„,)^) r(^', ^ r(^', Op.(„)^.) 

is an isomorphism. By changing and H to some powers of and H respectively, we may 
assume that ord(H) = ord(0). We put 

-4:=A[ei,...,e.]|e('i'))(0)' ^^=il^' 

^ := • • • :?d](0(„,™'))(O), ^ ■■= Q(^) , 0{m,m') ' 

Let ^ — >■ i3 be the canonical homomorphism. Firstly, ^' = 0(^') in B by Lemma 12.111 (i). 
Secondly, 

(e$)^ ^ (s$0^ 

by the same reason as (|3.6.ip . Thirdly, 

Combining these, (B CS"^ ^*)^ — (0$)^. This is saying that the p-adic completion of the left 
hand side of (I3.7.3P is isomorphic to the right hand side. However, by the finiteness of (13.7.ip . 
the left hand side of ()3.7.3p is already p-adically complete by [EGA! Oi, 7.3.6], and as a result, 
p.7.3p is an isomorphism. Thus we obtain the lemma. ■ 
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3.8. Let be an affine smooth formal scheme over R possessing a system of local coordinates. 
For any n G Z, the module C'2"*('") ^■('^) is an Orp^^^) ^-(O)-module on T*,f?r, and by using Lemma 
13.61 Of,(^)af^{n) can be seen as an O^,(„/)^(0)-module. 

Corollary. — The Of ,(m') af;:-(fi) -module Of,(m.)c^{n) is coherent. 

Remark. — We will see in Lemma 14.21 that the corollary holds for any smooth formal scheme 
J2r not necessary affine. 

4. Intermediate microdifferential sheaves 

4.1. In section [2l we defined the naive ring of microdifferential operators. However, we do 
not have any natural homomorphism — ?• ^^q^^ ■ This can be seen from the following 
example. Suppose we had a homomorphism — ?• ^^q^^ compatible with the canonical 
homomorphism — >■ ^j^q^^- Then, for any coherent ^^^-module we would get 

Char(.^) D Char(^5"o^^ ^) 

by Proposition l2.13l However, this does not hold by Lemma [4.1l below. To remedy this situation, 
we will consider the intermediate ring of microdifferential operators denoted by <^^™q" ^ for 

m' > m, which is an "intersection" of <^^™q and ^^q- In this section, we will define these rings 
and prove some basic properties. 

Lemma. — Let := A^, X he the special fiber, x be the canonical coordinate, and d be the 
corresponding differential operator. We put .M = ■^^•^q/^x^q(^ ~ "^hen, 

1. Char(°)(^) =X. 

2. Char(i) {§^1)^ ® WO) ^) n f*X / 0. 

Proof. Since ^ is a coherent O^^Q-module, the first claim follows. Let us see the second 
claim. First, let us see that i^tr ^ 7^ 0. Let € K\x^ [i.e. the Tate algebra), and 

E„>o/n9WGr(J-,^i. Q). We get 

fn .{d-x) = Y, (/n d-xfn 9^ - /„ d^^-'^) 

n>0 n>0 

= J^(n/„_i-x/„-/„+i) aw. 

n>0 

Assume X^„>o/nC^^"^ ■ {d — x) = 1. Then there exist gn,hn S K[x], deg{gn) < n — 1 and 
deg(/i„) < n, such that the equality 

(-l)"/„ = (x"-l+5n) + (:r" + /i„)./o 

should hold for any re > 0. However, there is no /o G K{x} such that J2n>o fnd^"'^ £T{^ , q) 

(since = maxjl, |/o|} by the equality), and ^ (g) ^ 0. 

Now, let e be the element of r(^,^) defined by 1 e r(jr,^^''^). As an O^jr Q-module, 
^ is free of rank 1. Since 

■ e = (x" + (polynomial in K[x] whose degree is less than re)) • e, 
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we see that the ^^j|^-^Q-module structure on ^ does not extend continuously to a ^^-^Q-module 

structure. This shows that the canonical homomorphism ^ — )■ is not an 

isomorphism. 

Garnier showed in |Gat 5.2.4] that for any coherent ^^^Q-module the characteristic 

variety Char^''^(^) satisfies the Bernstein inequality (i.e. the dimension of the characteristic 
variety is greater than or equal to 1 unless ^ = 0). Using the relation of characteristic varieties 
of Probenius descents (cf. [Bell 5.2.4 (iii)], and for a similar result and its proof, see |Abl 
2.1.7]), the Bernstein inequality also holds for any coherent ^^^-modules. Thus there are 

three possibilities for the characteristic variety V of either or \X\ or V \AT* ^ 0. 

Since ^'^^^ is not 0, V is not empty. \iV = [X], .M^^^ would be a coherent O^-^Q-module, 
and since .M is a coherent Ojgr-^Q-module of rank 1, we would get that .M = which is a 

contradiction. Thus the lemma follows. ■ 



4.2. Let ^ he a. smooth formal scheme over R. For a non-negative integer m, we defined the 
filtered ring ('^^^'^l^i). By (f2XTD and Lemma [23] (ii) , 

(4.2.1) C?^(™>^W = 4t/4t-i- 

Let m' > m he an integer. Consider the canonical homomorphism 

(i, , ■ ^(™) ^ ^(™') 

This homomorphism becomes an isomorphism if we tensor with Q. 

Lemma. — There exists a unique filtered strictly injective homomorphism of rings 

such that the following diagram is commutative: 



fm 



where we refer to subsection \2.4\ for fm- For m" > m' > m, tprn,m' ° '^m',m" = '^m,m" ■ By using 
(j4.2.1|) . gr„(^m,m') can be identified with the p-isogeny in Lemma [3.61 locally. 

Proof. Once the existence and the uniqueness is proven, the compatibility 'ij^rn^m' ^ '^m' ^m" — 
'4'm,m" automatically holds by the compatibility of 4>m',m- 

Let us see the uniqueness first. Since the problem is local, we may assume that ^ possesses 
a system of local coordinates, and it suffices to show the claim for the ring of sections on D(Q) 
where G € T^^jOx's;) is a homogeneous element. Suppose there are two homomorphisms 
i/j, Tp' satisfying the condition. By the commutativity of the diagram, ■(/^(O^™ ^) = Tp'{Q^'^ ^) =: 6. 

By the uniqueness of the inverse of 6, VCl©;*" ^)~^) = ^''((0;'" ^)~^)- Since ip and tp' are filtered 
homomorphisms, these homomorphisms are continuous with respect to the topology defined 
by the filtrations (cf. [TXTl) . Let E he the subring of ^("'^ := T{D{e),^^'^) generated by 
r{D{e),&p'^) and (ef^'V^- Then, = ^p'\E■ Since r(L»(G),4™Q) is separated and E is 
dense in E^"^'\ we get = tp' , and the uniqueness follows. 
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Now, let us see the existence. Since the problem is local by the uniqueness, we may suppose 
that is affine. Let G be a homogeneous element of Ti^SJ ^Ot* It suffices to prove the 
claim on := D{&). We denote by E^^^ and so on. Let be the 

microlocalization of L)^'" ) by using the multiplicative set of gr{D^"^ generated by B^'" ^ G 
gr(L'("^ )) (^cf. II, 3p . and let {Ejj^^)' be the completion of with respect to the filtration by 

order. Note that the canonical homomorphism Ejj^^ (Eq^^)' is injective, since the filtration 

is separated. Since Q^*"'"^ ^ is invertible in (E^^)', 0[™ "* is also invertible by Lemma 12.111 (i). 
Thus, by the universal property of the microlocalization |Laul A. 2. 3. 3], there exists a unique 
homomorphism a : {E^"^'^)' (E^^)'. Let (E^™'))'^ be the p-adic completion of {E^"^'^)'^. Then 

/3„: {E^""'^)';^ ^ E^^'\ Indeed, by Lemma ESI 



{E^"^'^)'^®R,^T{X,,<^£1). 

(m') 

Since En is p-adically complete, the claim follows. For any n, there exists an integer such 
that the homomorphism ■ Un induces a homomorphism {E^"^'^)'^ — t- E^^ by the concrete 
description Lemma 12.101 and Lemma 13.41 (i)-(b). Since -Ei*"^ is p-adically complete, this induces 
the homomorphism [p^ ■ a,„)^: {E^"^'^)'^ — ?> e'^\ We define 

By construction, {an}nez is compatible with each other, and defines 

lir^(a„o/3-i):E('"')^4™\ 



n 



which is what we are looking for. 

Finally, let us see that V'm.m' is strictly injective. By construction, locally, gr„ (V'm.mO coin- 
cides with the p-isogeny of Lemma [3. 6 1 for any n. This implies that the canonical homomorphism 
gr((f^ •*) — > gr((f^Q) is injective. Since S"^^ ^ is separated with respect to the filtration by order, 
we get the result by (HOl Ch.I, 4.2.4 (5)]. ■ 

4.3. We preserve the notation. For non-negative integers m' > m, we define 

where the intersection is taken in i^^q- By definition, (f^''"-* = <^^^. We denote S'^'^"' ^ Cg) Ri 
by4'"'"''^- 



Let be an open subset of r* jr. We denote r(^,4"j'^p by Ej-^^^^y Then the left 
exactness of the functor F implies that 

Since ^m,m'('^^ ^) and sub-vr^^^^^-algebras of 4"q' ^^^S 4"'"* ^ ^ 

7r~^^^^-algebra on T* ^ . Moreover, by putting 

^(;"''"') :=^-i ,(4'"))n4"'^ 

we may equip co^'"^ ^ with a filtration, and we consider S"^'"^ •* as a filtered ring. By Lemma 
'^m,m' is a strict homomorphism, and the canonical homomorphisms of filtered rings 
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are also strict injective homomorphisms. By the explicit presentation Lemma I2.1UI and Lemma 
[321(i)-(b), tlJm,m'{'^^2^ C f4™i for n < and in particular 

4.4 Example. — Let he a smooth affine formal scheme over R. Let be a homogeneous 
section of Ot* 3t;, and we put := D{Q). For any m" > m' > m, the operator (gI™ '™ ^)"^ is 
contained in T{'^ , S"^^). Indeed, there exist a non- negative integer n and a unit u of R such 
that ei"^''™") = np-« • Gi"^'™"\ and thus 

This is showing that for integers M' > M > m' > m, the operator (gI^^'^^ ^)~-^ is contained in 

In turn, for any integers m" > m', m, the operator (gI*" '™ ^)~^ is contained in V{'^ , '^^q)- 
Thus, for non-negative integers M' > M and M' > m' > m, the operator (gI*^'^ ^)~^ is 
contained in T{'^ , <^^^'^ 



4.5. Leti:(f, 
diagram 



(■m) ^(m) 



be the canonical inclusion. Take an integer n. Consider the following 



a(m,m') 



(m) 



(('/'m,m')n-l''-n-l) 



whose rows are exact sequences. 



Lemma. — The following diagram is cartesian 

Im((V'm,m')n-l,''n,-l) ^ {'^!^jj)n~l 

a 

In other words, the following sequence is exact: 

lm.{{'tpm,m')n-l, l^n-l) ^ {S'Pj^)n-l ® lm.{{'lpm,m')n, l^n) ^ i^P}i)n, 

where the last homomorphism is a + h. 

Proof. Since the statement is local, we may suppose that ^ is afhne and possesses a system of 
local coordinates. Moreover, it suffices to show that the diagram is cartesian for the modules 
of sections on ^ := D{Q) where G is a homogeneous section of T [T* 1%^ , Ot* ,%') ■ We denote 
r(^,^J^;:;)) by and so on. 

An operator P of is said to be homogeneous of degree n if we can write P = Yl\k\=n d^^'^'> 
with Ofc € 0,%\Q. Take S € Im(('0m,^m')n5 Using a left presentation, we can write 

fe<n fc<n 
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where the first summation is an element of E^'' ■* and the second summation is one of -Bn™^ i and 
Pk,i,Qk,i are operators homogeneous of degree k — ip"^' ovd{&) in ^^^q and respectively. 

Suppose S € (£'q"^)„_i. We need to show that this element is contained in lm{{'>pm,m')n-i, '-n-i)- 
There exists a finite subset I C Z such that 

This is in fact contained in E"^™^ R "0™,™' (-^n" Then for 2> 0, there exists G , Ojr) 
for = n - iVp™'ord(e) =: M such that 

iGi" \k\=M 

and afc5^-^-') (ej"' ^ ^ V';;|m'(^^"*^) any |fc| = M such that Ofe / 0. We denote ^m.^K^^i'"'^) 
by {eIi^ ■')' for short. By the same argument for and increasing N if necessary, we may also 
suppose that there exists bj, € r(^, O^) for \k\ = M such that (e[™''"'))^ for 

any b^y^O, and 

2]Qn.(e;"''"'))^G ^ 6fc5<^)('")(G;"''"'y + i?a + ((ii;^'))'n4-)) 

i |fc|=M 

in E^^\ However, since 5 G {Ej^^^ )n-i, 

a,5<^)(™')(e;'"'y + 6fc5<^)(-)(e;"^'"'V G (<■))„_! + ((4™'))' n 4™)). 

\k\=M 

By the choice of and 6^, this is possible only when at = bk = 0, and the lemma is proven. ■ 
Corollary. — We have 

^AS^P"^'^) = Er{i^m,m'r\sr{^!P^)) n gr(4"^'^ 
where the intersection is taken in the ring 

4.6 Lemma. — There exist strict infective homomorphisms of filtered vr"^^^ -algebras 

^(m— l,m') ^(m,m') , ^(m,m' + l) ^(r?i,m') ^ / ^ , . j.r j i; • r- 

(3^,- — > (3^- ana — )■ ej^,- /or m > m making the jollowmg diagram 
commutative. 

jp(m—l,rn'+l) ^ ^(m,m'+l) 



n,{m,-\,m') ^{in,m') 

Proof. We will show that the canonical strict injection ^''^) _^ 4"q^^ factors through 

the composition S^^'^ ^ — )• <§ip^ ^s"(Q^^- consider 4™ ^'"^ ^ and 4™'™ ^ as subrings of 
4^0^^ using these injections. We may assume ^ is affine, and let ^ := D{Q) where is a 
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homogeneous section of r(T*^, Ot*.9;). It suffices to show that E^^'^'"^'^ := ,<^p~^''^'^) 
is contained in T{'^ =: E^^'^^'K Take P £ {e[^~^''^'^)n for some integer N. We 
inductively define Pi € {Ei^ and Qi € {E^'^^)j^_i such that Pj+i = Pi — Qi for 

i > 0. Put Pq := -P- Assume Pj is constructed. We can write 

|fc|=Af-i 

with ak € T{'^,Ot*x) and n G Z. By Coroharv 14.51 this is contained in gr{Eip and 
gr{Eip ^). Thus, Lemma 13.41 (ii) is showing that 

|fc|=Af-i 

is in E^'"^ \ By construction, P^+i := Pi — Qi is contained in {E^^ ^'"^ '')Ar_j_i. The filtered 

ring E^'"^ ■* is complete by (|4.3.ip and Lemma [231 (iv). Thus, P = J2i>o Qi ^ E^'^ \ The 
rest of the claim follows in the same way. ■ 

4.7 Lemma. — For any n S Z, gr„ (^fj^'™' ^ ) is a coherent Oj,(m')*^ {0)-'module on T* ^ . 

Moreover, onT*^, 0j>o gi'i(<^^'™ ^) and gi{£'^'"^^) are of finite type over Orp^^i),^{0), and 
they are noetherian. 

Proof. The modules gr„((f^^) and gr„((f^^) are coherent C'2^(™,/),^ (0)-modules on T*^ by 
Corollary 13.81 Since 

gr„((fj^Q) is a pseudo-coherent ^■(O)-module (cf. |KK1 Definition 1.1.6]). Since the in- 

tersection of two coherent modules in a pseudo-coherent module is coherent, gT^{S^'^ ^) is also 
a coherent C'y(„i')*^(0)-module for any n G Z by Corollary 14.51 

Claim. — Let A = @i,ziAi be a finitely generated O := jr (0)-module such that Ai 

are coherent O-modules for all i. Let B := ^i^^Bi be a sub-O-algebra of A such that C Ai 
and are coherent O-modules for all i. Assume A is finite over B. Then ;B is a noetherian ring 
and finitely generated over O. 

The proof is similar to that of Lemma 12.71 using [AtMal 7.8]. For any integer m" > 0, 

0^<Qgrj(ff^ ') and j>o g^i ('^i' ) are finitely generated Oy(m//)«^-(0)-algebras by Lemma 

[M O^c^). <^-(0) is a coherent O^(„/)^(0)-module on f *^ by CorollaryES and 0i>o gri(<^ir^) 

is finite over 0j>o gi'i(<^i!"'''" ^) by Lemma [3.41 (i)-(a). Using the claim, this is showing that 

0j>Q grj((^^'™' ^) and gr((f^™'™' ^) are finitely generated over Oj,(m')*^(0). Thus, using the 
claim again, they are noetherian, and the lemma follows. ■ 

4.8 Proposition. — (i) The filtered ring {£'ip'''^\£'^'J^'^) is complete, 
(ii) The rings q ^ and S'^- ' ^ are noetherian on T* ^ . 

(Hi) For open subsets T* ^ D ^ D Y in^, the restriction homomorphism 

is flat. Here S denotes i^A™ ^ or S"^'^ ^ . 
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Proof. We have already used (i) but we rewrite the statement because of the importance. This 
follows from the fact that ^^'J^ = <^^^J for any n < by (j4.3.1|) and Lemma [2.51 (iv). We 

also get (i) through (iii) for = (a^^ ^ by Proposition 12.81 

Let us see (ii) for S'^'"'' ^ . Let us check the conditions of Lemma 11.111 for the filtered ring 
((p'^'™ ^ , <§ip'^ ^ ) . The first condition is nothing but (i) . The second and the third conditions 
follow from Lemma 14.71 The last condition follows from Corollary 14.51 Hence t^^™'™ ^ is a 

noetherian ring. Thus, for any open subscheme ^ in 03, r('^,(#^''" ^) is noetherian, and (iii) 
holds by using [HOl Ch.II, 1.2.1]. ■ 

Remark. — By the proof, we can moreover say that S'^''^ ^ is pointwise Zariskian with 
respect to the filtration by order on T* ^ . This implies that <§^'^ ^ is also pointwise Zariskian 
with respect to the filtration by order for any integer i > on T* ^ . 

4.9 Definition. — We say an open subscheme of T* ^ is strictly affine if there exists 
an affine open subscheme of P* ^ such that = q'^'^') where q: T*^ ^ P*^ is the 
canonical morphism. 

4.10 Lemma. — Let he an affine smooth formal scheme. Let ^ he a strictly affine open 
subscheme ofT*^, and let ii he a finite ^-covering (i.e. a covering consisting of subsets in^) 
of ^ . Let (o be either (f^™'™ ^ or <^^'l^ ^ ■ Then 

i?:„g(H,^) = o 

for z G Z. Here -ff^ug denotes the augmented Cech cohomology (cf. |BGR[ 8.1.3]). In particular, 

H\^,^) = 0. 

Proof. Let V,W e^. Since e.{Vr\W) = €.(y)ne.{W), we may assume that il is a finite strictly 
affine covering. Let us show that (il, (f ^) = for any k. Since f^^^*" ^ is complete by 
Proposition 14.81 (i), 

c>(m,m') ~ i- ^(m,m') /^(m,m') 



n— >oo 



By Lemma Wn\ ^'^^'k^^ I ^^X^'^n ^ coherent ©^(^z), ^■(O)-module. Thus, 

for i G Z. By the coherence, the projective system |r('^i V'C^'"^^)} satisfies the 

Mittag-Leffler condition for any strictly affine open subset Y. By (j4.3.ip . this shows that 
Clng{^,Spf^ satisfies the Mittag-Leffler condit ion for any q^TL. Thus 

^aug(ii,<S^,fc j = ^aug(il>P^'^.r,fc /'^X,^n ) = ^ ■^ngi'^, ^ S\k I ^ X ~n ) " ^ 

for i £ Z, and we get what we wanted. Now, since 

e,(m,m') ^(m,m') 

- lU^ 6^- , 

and thus 



(m,m')\ 
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by using (|2.5.2p . The claim for <S'^^ "* follows immediately from the = S^'"^ ■* case. Now, 
let us see H'^{'^,<§) = 0. We know that H'^{'^,(g) ^ lii^^ ^^(23, ) where QJ runs over open 
coverings of ^ . Given an open covering 03 of there exists a refinement 53' which is a 
©-covering. Thus the statement follows from the first claim. ■ 

Remark. — We may also prove that , (f) = for i > 0. This can be proven in the same 

way by using [EGAl Om 13.3.1]. 



4.11. We define 

i 

These are 7r~^^^^-algebras and the latter is moreover a 7r~"'^^f^Q-algebra. We call the rings 
S^'^ ■* and <^^'^ the intermediate rings of microdifferential operators (of level {m,m')). Let 
he a strictly affine open subset of T*,^. Applying Lemma [4.101 to the exact sequence 

we get an isomorphism 

(4.11.1) r('^, 47'""'^) = ^{^, ^p'""'^) (g> Ru 

and by taking the projective limit over i, 

where ^ denotes the p-adic completion. By Lemma r('2r, 4"'""'^) (g) Ri ^ r(^, 47'"'''*)' 
and thus 4"'""'^ (8) Ri ^ 47'""'^ • We also define 



,(m,t) _ ,. ^{m,m') 
m'—^oo 



This is a ring on T* ^ . Note that there exists a canonical homomorphism 



of rings by Lemma 14.61 We define 



For a quasi-compact open subscheme ^ of T*,^?r, we get the following isomorphism since ^ is 
a noetherian space using p.5.2p 



K,t)^ 
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By Lemma 14.61 we have the fohowing inclusion relations between rings of microdifferential 
operators. 

l^(m) i^(m+2) ^ -l^j^t 

n n n n 

<5>(m.t) r- /a(m+l,t) ^(m+2,t) r" /'t 

n n n 



^(m,m+2) ^(m+l,m+2) ^(m+2) 

n n 

^(m,m+l) ^(m+1) 

n 



^(m) 
'^,0 



4.12 Proposition. — T/ie rings \ 'S'ij^^'^ are noetherian on T* ^ , and Proposition 



8] (iii) and Lemma 14.101 are also valid if we take S to he either S'^^'^ ^ or ^^q^ ^ . 



Proof. It suffices to show the proposition for S = (o^'"^ \ First, let us see Lemma 14.101 for this 
(f . Since S'^'™' ^ is p-torsion free and (|4.11.ip . 

^Ljii,47'-')) = o 

by Lemma 14.101 The projective system satisfies the Mittag-Leffler 

condition for any strictly affine open subscheme Y, and we conclude that 

i i 

To see that (f^™'™ ^ is noetherian, we check the conditions of Lemma 11.111 for the vr-adic 

filtration. Conditions 2 and 3 follow from the fact that 4™ '" ^ is noetherian by Proposition 14.81 
The condition 4 follows for any strictly open formal scheme ^ from (|4.11.1|) . 

Proposition 14.81 (iii) for the follows directly from the S' = 4"'"^ ^ case by using [Bell 3.2.3 
(vii)], and we finish the proof. ■ 

Remark. — By the proof we can moreover say that (o'^'™ ^ is pointwise Zariskian with respect 
to the vr-adic filtration on T* ^ . We expect that 4"q^ ^ '^'^^^ ^~^^5^q- 

4.13. We will describe the sections of intermediate microdifferential rings in terms of given 
local coordinates. We will use the notation of 12.101 Let € r(<^, Oj-.,^ ) be a homogeneous 
section, and let := D{Q). Then we get the following: 
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Lemma. 



We use the above notation. Letn he the order ofQ. Form' > m, the canonical ho- 



momorphism (^^q ^ — > '^^"q is injective, and the canonical homomorphism ^^■''q^ ^ 
'^^q/('^^(d)o ^'^ ^'^ isomorphism. Moreover, 



s(rn) 



(m,m') ij ^(m,m')\ 



(m) N 



(4.13.1) 



|fc|-mp'"'<0 lfcl-7;n,n'"'>n ' 



{*) Let k € N*^, i > 0, a^^j G J^. For an integer N, put aN,i ■= sup^^^^^pm' \ak,i\- 
Then limj_j.oo OA^.i = for any N, and limj\f^oo snp^{a]\f,i} = 0, and there exists a 
real number C > such that C > supi{aN,i} for any N < 0. 

Proof. First, let us see the former claim. To see this, it suffices to show the injectivity for the 
ring of sections on In this proof, we denote T{'^ , S"^^) by E^"^^ and so on. Consider the 
following diagram whose rows are exact: 



(m,m') 












Since the injective homomorphism F^™'™ ) — > is strict, 7 is injective as well. Moreover, by 
Lemma [3.4l (i). there exists an integer a such that Coker(7) is killed by p". Since 
is p-torsion free, this implies that 7 is a homomorphism and p-isogeny. 
Thus we get the following commutative diagram, whose rows are exact 







E, 







(r?i,m') 



■0 







E, 



(m) 



^(m) 







where denotes the p-adic completion. By Lemma 13.51 7 is also a p-isogeny, and in particular, 

Im') 

it is an isomorphism after tensoring with Q. Since E^ is already complete with respect to the 
p-adic topology by Lemma 12.51 (i). 



(4.13.2) 



E, 



By Lemma [4. 2 1 the homomorphism E^ ^ Eq"' is injective. Combining these, we get the first 
assertion. 

Let us prove the second assertion. It is straightforward to see that the right hand side of 
()4.13.ip is contained in the left hand side. Let us see the opposite inclusion. Let S be the subset 
of _£;{'") consisting of elements which can be written as 

E %,#)(™)(et"^'™'))- 

|fc|-m>0 

such that for each i, we get limj_s.oo OiN,i = and limTv-s-oo supj{a7v^j} = 0. This set surjects into 
EM/E^""^ by Remark [2H1 Thus, we get the second assertion by (14.13. 2p . ■ 



Cm') 



E, 



{m,m') 
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Remark. — We also get another description of the image of r('^, (fj^^ ^) if we use 0*^ "'"'^^ 
(resp. instead of 6^™''^ (resp. Qi'^''^")) for k' > 0. For the proof, we only need to 

change the last subsection of the proof in a suitable way. 

4.14 Corollary. — Let m' > m > be integers. Then the canonical injection 
'^^Q^'™ ^ induces the isomorphism: 

^(m+l,m' + l) , -^(m,m'+l) ~ ^J(m+l,m') ,^{m,m') 

Proof. We have the following diagram whose rows are exact. 

2?(r?i,7Ti'+l) ,/ ^(m,m'+l)N ■^{m+l,in' + 1) j^{m+l,m'+l)^ 2'(m+l,rra'+l) ,^(m,m'+l) 



p. '^{m,m') If jp{m,m')-. ■^(m+l,m') i, ^(m+l,m')N ^J(m+l,m') /^(m,m') 

The first two vertical homomorphisms are isomorphisms by Lemma [4. 131 Thus the right vertical 
homomorphism is an isomorphism as well, and the corollary follows. ■ 



5. Flatness results 



5.1. Let 3^ be an affine smooth formal scheme, and ^ be a strictly affine open subscheme of 

f*X. Let S be one of the rings ^4"''"''^ '4"!q"'^ '^^'^'^ '^^^q™'^- Let M be a finite V{'^ 
module. We use the terminologies in [BGRl 9.1, 9.2] freely. Let T be the Grothendieck topology 
(in the sense of |BGR1 9.1.1/1]) on ^ defined in the following way. 

• A subset is said to be admissible open if it is strictly affine open subset of . 

• A covering is called an admissible covering if it is open covering in the usual sense. 
We define a presheaf on {^,1^) by associating 

r(r,^) 0r("^,^)M 

with an open strictly affine subset y. 

5.2 Lemma. — We preserve the notation. For any finite ^-covering ii of , 

i7:,g(ii,M^) = o 

for i E Z. 

Proof. We just copy the proof of |BGR1 8.2.1/5] using Lemma |4. 101 and Lemma 14.121 ■ 

5.3 Corollary. — We preserve the notation. 

(i) For any finite ,S)-module M, the presheaf defines a sheaf on ('^,T), and the 
functor ^ is exact. 

(a) Let be a strictly affine open subscheme ofT*^, and suppose there exists the following 
exact sequence of modules on ^ : 

Then we have a canonical isomorphism 
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Proof. Let us see (i) . We see directly from Lemma 15.21 that the presheaf M is a sheaf. The 
functor ^ is exact since the restriction homomorphism T{'V,(o) — >■ T{W,S') is flat where W C 
y C are strictly affine by Proposition 14.81 and 14.121 Let us show (ii). We put M := 
Coker(r('^, (/))). Let E := T{'^,£'). By the definition of M, we have the following exact 
sequence 

Taking the exact functor ^, we have an isomorphism ^ = M^. Taking the global sections, 
T{'^,^) = M, and the claim follows. ■ 

Remark. — We preserve the notation in the corollary. We did not prove that any coherent 
(^-module on ^ can be written as with a finite Ti^^ , £')-m.odu\e M. We do not go into 
the problem further in this paper. We believe, however, that for any coherent (^'-module ^ 
on a strict affine open subscheme the canonical homomorphism r('^,^)^ ^ is an 
isomorphism. 

Let us use the notation of 11.51 Now, we consider the induced topology from {T* 3^)' on , 
and denote the topological space by . We denote by e: — >■ the continuous map induced 
by the identity. The topology of is slightly finer (cf. jBORI 9.1.2/1]) than T. Thus by |B(tR[ 
9.2.3/1], the sheaf extends uniquely to a sheaf on denoted by (M^)'. Now, we get the 
sheaf e~^((M^)'). We also denote this sheaf on the topological space by . From now on, 
indicates the sheaf on unless otherwise stated. 



5.4. We briefly recall the definition of Frechet-Stein algebra. For more details, we refer to 
|STj . A ET-algebra A together with a projective system of i^-Banach algebras {^i}j>o and a 
homomorphism of projective systems A — > {Ai} where A denotes the constant projective system 
is called a Frechet-Stein algebra if the following hold. 

1. For any i > 0, the ring Ai is noetherian. 

2. The transition homomorphism Aj+i — )■ Ai is flat and the image is dense. 

3. The given homomorphism of projective systems induces an isomorphism of iC-algebras 




5.5. Let ^ be an affine smooth formal scheme over R possessing a system of local coordinates. 
Take a homogeneous element G in T {T* ^ , Ot* ,% ) ■ Let ^ := D{Q). In this subsection, we 
denote ,>§^^^^) by E^q^"^ ^ and r(^, ff^^'™^^) by E^q^"^ ^ and so on for simplicity. 
Recall the canonical homomorphism 

. p(m,m'+l) ^{m,m') 

We define E^'^''^'^ := /o;;|^/(-^("''™')), and equip it with the filtration by order. Since ® 

Q ^ ^J"''"'), we get 

Lemma. — There exists a subring E' C £[™'™ 1 such that the following holds. We equip E' 
with the induced filtration from £1™'™- 1 . 

1. The ring E' contains +-^), and the inclusion E' C £1™'™ 1 is a p-isogeny. 

2. The ring gr(£") is finitely generated over gr(£('"'"^'+-'^)). 
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3. The ring E' and the Rees ring (-Eq), of E'q are left and right noetherian. 
Proof. In this proof, we denote E^"^'"^ by E for simplicity. By Example 14.41 we see that 

^Q{m',m'+l)yi g ^^rn,m') ^Q(rn',m'+1) ^ _i ^ + ^j^.^ ^^^^^ ^^^^ ) -1 ^ 

^[m.,m']^ We put E' to be the subring of ^I™''"'! generated by E and 6 := (e^'.^'+i))-!. By 
construction, the condition 2 holds. 

Let us show that the inclusion E' E^"^'"^'^ is a p-isogeny. It suffices to see E'q ^ E^'"^ ' is 
a p-isogeny. Let a := aord(6») iii Lemma |3.4[ Let '"^ ]-,g g^j^ operator in E^"^''^ 1 

whose order is less than or equal to 0. Then there exists an integer j > such that the order of 
g(^>(m') (©I'" ig strictly greater than ord(0) and less than or equal to 0. By the choice 

of a, the operator p"- ■ S^-^t™') '™ is in E, and thus 

Take any P in E'q™"'™ Take a left presentation (j2.10.3p of level m' + 1. For an integer M', we 
put 

Af>A/' |fe|-mp™'+l=Ar 

There exists an integer b such that ■ P G E. Since (B^'" . 0(™ '"^ +i) g the operator 

(P<A/ • (e(™''"''+i))^) where M = 6 • ord(6l) is contained in E. Thus, 

pa.p^pa, p^j^^+pa . ^ E' + E ■ 6^ d E' , 

which implies that p"" ■ E^'"^ ' C Eq, and the claim follows. 

We will show that this E' is left noetherian. A proof that it is right noetherian is the same. 
We define a filtration Gi for ? > on E' in the following way: we put Gq{E') := E. For 
i > 0, we inductively define := E + Gi{E') ■ 9. Let P & Ei for some integer /. Since 

p'^0 = u ■ (G^™" where u € and n denotes the order of 0, 

(5.5.1) = + Pkip'^Of 

k>l 

with Pk G E'(fc_i)„pm'+i_,_;_;^, thus 9 ■ P £ P ■ 9 + Ei^i ■ 9. This implies that the filtration is a 
filtration of ring, and the filtration G is exhaustive. Let us show that gr'^(S') is noetherian. 

We put E := E/p^E. Let A := E ® ©^^o^B • be a graded ring, whose graduation is 
defined by the degree of the indeterminant T, and the ring structure is defined by 

T • P = P • T + ^ Pfc {p^9f-^ -T eP ■T + Ei_i ■ T 

k 

where we used the notation in (15.5.ip . We denote by Ai the homogeneous part of degree i. Since 
p"'9 G E, there exist the surjection E grf{E') for i > 1 sending 1 to 0*, which defines the 
surjection of rings 

A gr'^(E'). 

It suffices to show that A is noetherian. Let P A. Then we may write in a unique way 
P = ^ Pj where Pj £ Ai. Let k be the largest integer such that P^ ^ 0. For Q £ E, we denote 
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by a{Q) the principal symbol in gr(-E') where the filtration is taken with respect to the filtration 
by order, and for Q' € E, we denote by <j{Q') the principal symbol of the image of Q' in E. We 
denote a{Pk) G gr(E) by Let / be a left ideal of A. We define 

S := I P e /} C gT{E). 

Since T ■ P G P ■ T + • T for P G Ei in grf{A), the set S is also closed under multiplication 
by homogeneous elements of gr{E). Moreover, S is closed under addition of two homogeneous 
elements with the same degree. Let Is in gr{E) be the ideal generated by S. By the above 
properties, we get that S = Isf~^[ji£z S^i(-^)- Since gic{E) is noetherian, we can take homogeneous 
generators P{, € 5 of I5. There exist elements Pi, . . . , P^ of A such that S(-Pi) = -P/ and 
the degrees of Pi are the same d > for all i. For any P £ I, the completeness of E with respect 
to the filtration by order implies that there exists Ri £ E such that P — ^ RiPi is degree less 
than (i, and thus contained in ©j^^^^i- Since ©j^^^^i is finite over the noetherian ring E, there 
exists Qi, . . . , Qk> generating / n 0j<rf Ai over E. By the construction. Pi . . . , P^, Qi, . . . , Qk> 
generate /, and in particular, / is finitely generated. 

Thus, the ring gr'-'{E') is noetherian. Since the filtration G is positive, this implies that E' 
is noetherian as well. 

It remains to show that (E'q), is noetherian. Although the proof is slightly more complicated, 
the idea is essentially the same. We define a filtration F on ®j<Q E'ly^ in the same way: Fq is 
equal to 0j<o Ei/^ , and we inductively define Pj+i := Fq + Fi ■ 6, namely Pj = 0j<o Gi{E')vK 
We define the induced filtration on (Pq), from 0j<o E'^^ also denoted by P. It suffices to show 
that gr^((PQ),) is noetherian. Let (grp(P'))j denotes the image of Gi{E') n E'- in grf (P'), and 
we put := np™ "^^ = — ord(0) > 0. Then, for i > 0, we get a surjection 

Em e EN^-l • i/-^ © • • • ^ grf ((P^).) ^ 0(gr,f (P'))j • , 
sending P • with P € E^^ij^j to {P ■ 9^) ■ We define a double graded ring by 

A' := (PoeP„i - i^^^e...)_ ^e {eni e Pw-i • z^"^ e . . . )r 



and define the ring structure in the same way as before. If we simply say degree, it means 
the degree of T. We denote by A[ the i-th homogeneous part. Since there exists a surjection 
A' — ^ gr'^((PQ),), it suffices to show that A' is noetherian. Let gr[j](P) := 0j<jgr,j(P). We 
define a double graded commutative ring 

a,b>0 

whose ring structure is defined in the obvious way. We claim that this ring is noetherian. For 
this, it suffices to show that B is finitely generated over gro(P). We know that 0j>Qgrj(P) and 
0-<Q grj(P) are finitely generated over grQ(P). Then the following claim leads us to the desired 
conclusion. 

Claim. — Let C = 0jg2 Cj be a graded commutative ring. Assume that C is noetherian and 
C<o := 0i<o C'i and C>o := 0i>o Ci are finitely generated over Cq. Let Cyj := 0j>j Ci. Then 
for any positive integer A^, the ring := 0j>o C[Arj]2^^''5 where v is an indeterminant, is also 
finitely generated over Cq. Moreover, the ring j^f^G[Nj_k]i^^ fJ-^ is finitely generated over Co 
where v and /i are indeterminants. 
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Proof. It suffices to see tfie = 1 case. Indeed, Di is can be seen as a D]\f-algehTa, and it 
is integral. Tlius if Di is finitely generated over Co, Djy is also finitely generated over Cq by 
[AtMal 7.8]. 

It suffices to show that 0j>o(^0o>i Ci^'^^ C Di and 0j>o(0j>i>o ^i^i^^ C Di are finitely 
generated over Cq. Since the former one is isomorphic to C<o[i^], it is finitely generated. Let 
be a finite set of generators of C>o = 0j>o Ci^* C Di over Cq. Then the latter one is 
generated by and z/, and the claim follows. □ 

For P G A', we can write P = Pi with Pj € ^1^ in a unique way. Let s be the maximal 
integer such that Ps ^ 0. We denote Ps in A'^ by t(P). Let r(P) = Eo<j<ir -f^^"* with P/^ / 0. 
We define € .B to be a{PK)fJ'^i^~^ where a denotes the principal symbol with respect to 

the filtration by order of E. Let / be an ideal of A' , and we put S' := {T,'{P) | P € /} C -B. 
This set is closed under addition of two elements with the same degree, and multiplication by 
homogeneous element. Take a finite set {Qi} in / such that {^'(Qj)} is a set of generators of 
the ideal BS' C B. It is straightforward to check that the set {Qi} generates /. ■ 

5.6 Proposition. — (i) The ring Ej^'"^^ := i?!"*'"^'! (g) Q is noetherian where ^ indicates the 
p-adic completion. 

(a) The canonical homomorphism 

. pi(m,m'+l) 9[m,m'] 

is flat. 

(Hi) The canonical homomorphism 



n . p[m,m'] ^(m,m') 



is flat. 



Proof. We use the notation of Lemma [5.51 Since E' is noetherian, the canonical homomorphism 
E' — > E' is fiat and E' is noetherian by [Bell 3.2.3]. Since E' is p-isogeneous to ^I™'™']^ they 
are also p-isogeneous even after taking p-adic completion by Lemma 13.51 Thus we get (i) . Since 
^[m,m'] ^ Q ^ the flatness of am,m' follows, which is (ii). 

Let us see (iii). We put E'j := IJn-^ri- condition 2 of Lemma 15.51 and Lemma 

14.71 0j>ogrj(-^/) is finitely generated over grg(£'Q). Since E'q is a noetherian filtered ring with 
respect to the filtration by order, E'j is also a noetherian filtered ring by Lemma fl.lSi Let E" be 
the completion of E'j with respect to the filtration. Then the canonical homomorphism E'j E" 
is flat and E" is noetherian (cf. ll.l.Gp . Thus, by taking the p-adic completion, the canonical 
homomorphism E'^ — )■ E" is fiat by [Bell 3.2.3 (vii)] where ^ denote the p-adic completion. It 
suffices to show that 

(5.6.1) i^0Q-sg"'"^'], S^'q - 

Let 4'"'™'! := U„^n''"'^- Since E'^ C Ef^'"'^ is a p-isogeny and the p-adic completion of 

4™'™" ^ is i?!^'™" ' , we get the first isomorphism. Let us show the second one. Note that the 

completion of E^j^'"^ ' with respect to the filtration by order is There exists an integer 

n such that p"^"*''" ' Since these inclusions are strict homomorphisms, the 

inclusions are preserved even after taking the completion with respect to the filtration by order, 
and we get p^E^^'^ ^ C E" C ). In particular, the inclusion E" C £'(™-'™ ) is a p-isogeny, 

which implies the second isomorphism of (j5.6.ip . Thus we finish the proof. ■ 
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5.7 Lemma. — Let m' be an integer strictly greater than m or f . For simplicity, we denote 
Sq"'^"* by E'q"'^^ Let E(^^r-^ := l{E^^''^ ^)nE^^'^ where l: -Eq™'™" ^ is the canonical injec- 

tion. Then j := Ri is isomorphic to the ring of sections LD^^'^ := r('^,^^j^^) 

(cf. Remark^J^. 



Proof. By definition, tlie canonical homomorphism ii^(m'),o ^ ■~ i^x^^) is injective. 

Note that LD^^^ C e'^^\ Assume for a moment that m' is an integer. The ring LD^ is 

generated by D^^J and (g{"''"''V^- Since (ef'^'V^ = mod pE^™) and (eS'"'"''^^ € E^^n'), 
we get 

(5.7.1) E^^,)^o(S)kcLD^^J. 

Since ^(f),o C i^'(m'),0; (|5-7.ip holds also for m' = f. Now, m' can be ], and we will see the 
opposite inclusion. For simplicity we denote -E'(m') by E. It suffices to see that (01™'"^+^))-! g 
£ (g) A:. Let 



The limit exists in E^'"^ ^ for any m' > m using the p-adic topology. Indeed, for any i, there 
exists an integer > m' such that Q^™'^-* and (G^™" are in the center of E^^'"^ \ Let 

r G such that r • (eJ^-'^V = (eJ^'-^V^ Then 

(m,m+fc+l)\-l / /g,(m,m+A:)Np_l /g. (r)i,m.+2) /g. (m,m+l) 



_ ^0(m',m+A:+l)^_i _ ^^^{171' ,m+k)y-i ^Q{m',N)y-i 

in E^'"^ \ and the claim follows. Thus H is defined in E^'^\ and 3 ^ E. Since the image of 

H in E^^ is (Q^"'''""'"^))-!^ get the lemma for i = 0. For the general case, since there exists 
an inclusion 

E®Ri^ LD^^^ 

and both sides are flat over Ri, we may reduce to the i = case. ■ 
5.8 Corollary. — The image of the homomorphism 

Q Q 

is dense with respect to the p-adic topology on E^''''^ ^ for any m' > m. 

Proof. Lemma 15.71 tells us that the image of the homomorphism E^^ '^^ — > E'q" '™ ' is dense for 

any m' > m. This shows that the image of the homomorphism {E^^' ^ (^{T''""'' )o is also 
dense. Thus the image of the composition 

\Eo jo l-fc'o jo [Eq jo 
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is dense as well. By using the fact that {Ej^ ' ')q — > {E^ ' ^)o, this implies that the image of 
the homomorphism {E^o'% ^ (^iT'^'bo is dense. Since 



we conclude the proof. 



5.9 Theorem. — (i) The ring Eq^''^^ is a Frechet-Stein algebra with respect to the projective 
system {E^ }^,^^. 

(ii) For a finitely presented E^'"^^ -module M , we have 

R Um(^^ ® („.t) M)^ i 

X7 "J 1 if I ^ 0. 

Proof, (i) follows by combining the previous results. To see (ii), the projective systems {E'q"'"* ^0 
M\ and jii^i!"''" ■* (8> M\ are cofinal in the projective system 

J m >m I \i J m >m, jr j w 

and these three projective systems have the same ^m ^. Thus, \ST\ Corollary 3.1] leads us 
to (ii). ■ 

5.10 Corollary. — Let ^ he a strictly affine open subscheme of T* , and M be a finitely 
presented T{'^ -module. We define the presheaf in the same way as subsection \b.\\ 

Then Lemma lA.Wl Lemma \b.2[ Corollaru 15.31 are also valid for S = S''^q , <^^- q, and M. 
Proof. Let us see the claim for S' = <S'^q . We note that even if we prove Lemma 14.101 for 

(m t) 

S"^ Q , the other claims do not follow from this using the argument that we used to deduce 
them, since the ring of sections of may not be noetherian, and we may not be able to 



take a finite free resolution of M, which is used in the proof of Lemma l5.2i 
For any strictly open subscheme Y C , 

i?*^(r(r,4";5"'))®M) =0 

m' 

for z > by Theorem 15.91 (ii). Let us denote by Sa]^^ ^ ® M the coherent i^a^^ ^-module 
associated with M. By Lemma 15.21 this is showing that the sequence 

• • • ^ i^cf,g(ii, 4r;f M) ^ i^cf+i(ii, ® m) ^ . . . 

m' m' 

is exact. Since 



by Theorem 15.91 (ii). Lemma |4. lUI and Lemma 15.21 for this follows. Let us show Corollarv l5.3[ 



For a strictly affine open subscheme T{'y, S'^^''^^) ® M is finitely presented, and in particular. 



coadmissible. Thus, 



r(r,M^) ^ ^r(r,<f^ • ^ «'r(r,M^). 

k 

presheaf associating T{Y, S'^'"^'^^^) (g) M with 
follows from (|2.5.1|) . For the claim on £"1^ q, we only note that the functor lin^ is exact. 



Since we know that the presheaf associating T{Y, S'^'"^'^^^) (g) M with is a sheaf, the result 
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5.11 Corollary. — Let m' > m > be integers. Then the canonical injection 
'^^Q^'"* '''Induces the isomorphism: 



^B(m+l,t) / rB(m,t) ~ ^(m+l,m') i'^{m,m') 



Proof. This follows from Corollary 14.141 and the fact that R} ^ E^x'q ^ = by Theorem 



5.12. Now, we will argue the flatness of — >■ '^^q^'"^ ^• 
Lemma. — T/ie canonical homomorphism of rings 



p(m,m') ^J(m+l,m') 



is injective and flat for m' > m. 



Proof. Since the verification is local, we may assume that ^ is affine and possesses a system 
of local coordinates. It suffices to see that E^'^ ^ — >• E^^^'"^ ^ is flat and injective. For 
the flatness, the proof is essentially the same as [Belt 3.5.3], and we only sketch the proof. 
Let E' be the subring of ^^""'""'^ generated by ^('"''"') and We may check that 

E' = ^C™.™') + We have E'®q = E^q'"''\ and is the p-adic completion of 

E'. Let E" be the subring of E' generated over same way as 

to prove D' is noetherian in ibid., E" is noetherian, and thus the homomorphism E" — > (E")^ 
is flat. By Lemma 13.41 (i). E" is p-isogeneous to E'. Thus, the claim follows. 

To see the injectivity, it suffices to show that E' is p-adically separated. It suffices to show 
that for any P S E', there exists an integer n > such that p~'^P ^ E' . Let P = Q + R where 
Q e E^rn,m') ^ ^ ^(m+i,m')^ Yiec&W that c by Sjl For n > 0, we get 

that p-'^Q ^ ^('^.'"')^ and ^(m+i,m'), We will show that ^ E' . Suppose the 

contrary: p-'^Q + p'^'R G E'. There exists Q' £ np-"^('"''"') such that p-"Q - Q' G 

^(m,m')_ This implies that Q' + p'^'R £ E' n E^^^'^'"''\ thus Q' + p'^'R € ^("^+1.™'). However, 
since p"Q' G c E^"^+^'"^'\ we get that i? G which contradicts with the 

hypothesis ^ ■ 

Corollary. — Let m' > m > be integers. Then the canonical injection (^^q^ ^ — > '^^q^'"^ ^ 
induces the isomorphism: 

■^{m,m') , ^{m,m' +1) ~ 2?(m+l,m') /^(m+l,m'+l) 

Proof. The proof is the same as Corollary 14.141 ■ 

5.13. We sum up the results we got in this section as the following theorem. 
Theorem. — We get the following: 

1. The canonical homomorphism S^'^ — )• ^^'q^^ is injective and flat. 

2. The canonical homomorphism (^^q^ ^^'^ — ?• ^^q^ ^ is injective and flat. 
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3. Let ^ he a finitely presented S"^^^ -module. Then we get that 

^ lim s'fr"^ ^ <Xi„(m,t) ■ 

m' 

4. The canonical homomorphism S^^'^ ^ — )• S^^'^'^ ^ is injective and flat. 

Proof. The statement 2 and 4 are direct consequences of what we have proven. To see 1, it 
suffices to apply [STl Remark 3.2]. Let us prove 3. Since ^ is finitely presented, there exists a 
strictly affine open subscheme ^ such that there exists a presentation 

Then we apply Corollary 15.101 ■ 



6. On finiteness of sheaves of rings 

In this section, we will introduce a finiteness property for modules on certain topological spaces: 
we prove some stationary type theorem. This finiteness is especially useful when we consider 
modules on formal schemes. 

6.1. First, let us introduce conditions on topological spaces and on sheaves. 

A ringed space {X,Ox) is said to satisfy the condition (FT) if the following two 
conditions hold. 

1. The topological space X is sobeiEll {i.e. any irreducible closed subset has a 
unique generic point, see |SGA41 Exp. IV, 4.2.1]) and noetherian (cf. [EGA! Oi, 
§2.2]). 

2. The structure sheaf Ox is a noetherian ring (with respect to an open basis ^) 
(cf. Definition 00]). 

Let {X,Ox) be a ringed space satisfying (FT), and let Ai he a coherent Ox-module. Let 
3 := {Zi}i^i be a finite family of irreducible closed subsets. The module M is said to satisfy 
the condition (SH) with respect to 3 if the following holds. 

For any section s G T{U, M) on any open subset U , there exists a subset I' C I such 
that 

Supp(s) = \JZinu. 

iei' 

We simply say that M satisfies the condition (SH) if there exists a finite family 3 such that A4 
satisfies (SH) with respect to 3- 

6.2 Lemma. — Let {X,Ox) be a ringed space satisfying (FT). Let A4 be a coherent Ox- 
module satisfying (SH) with respect to '3 = {Zi}i^j. Then for any sub-Ox -module ^ of M., 
there exists an open subset Z[ of Z^ for each i ^ 1 such that 

Supp(/C) = Uz,'. 

'■*^In this paper, we do not use the uniqueness of generic points, and this assumption is a httle stronger than 
what is really needed. 
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Proof. Let U be an open subset of X, and take ^ s e T{U,}C). Let ipu'- r(C/,/C) ^ r{U,M) 
be the inclusion. Since 99 is injective, Supp(s) = Supp((/9{/(s)). There exists a subset Is C I such 
that 

Supp(s) = Supp((/?c/(s)) = [J n [/. 
by (SH) of Al. Note that this is an open subset of Uie/^ ^o'^' '^^ 

Supp(/C) = U Supp(5) = U ( U Supp(^) n z,) , 

see iG/ se6i 

where & := IJ^^j^ r(f/, /C), and &i is the subset of & consisting of the elements s such that 
i G Is- Since Supp(s) n Zi is open in Zi, the set Uses Supp(s) n Zi is also open in Zi, and since 
/ is a finite set, we conclude the proof. ■ 

6.3 Proposition. — Let {X, Ox) be a ringed space satisfying (FT). Let Ai be a coherent Ox- 
module, and assume that for any open subset U C X , (SH) holds for any coherent subquotient 
ofM\u- Now, let 

/Ci C /C2 C /C3 C • • • C 7W 

be an ascending chain of sub-Ox -modules (not necessarily coherent) of M. Then the sequence 
is stationary. 

Proof. Let n G N and Z be a closed subset of X. We say that the sequence is stationary for 
(n, Z) if 

^n\x\Z = ^i\x\Z 

for any i > n. We will show that if the sequence is stationary for (n, Z) with Z 7^ 0, then there 
exists an integer n' and Z' C. Z such that the sequence is stationary for (n', Z'). Once this is 
proven, (i) is proven since X is a noetherian space. 

We will show the claim. By Lemma 16.21 there exists an integer a such that Supp(/Ci) = 
Supp(/Ca) for any i > a. We may suppose that 

Z C Supp(/Cq). 

Take a generic point 77 of Z. Since Ox,ri is noetherian, there exists n' > max{a, n} such that 

for any i > n'. Fix a set of generators {/i, . . . , /□,} of JCn'^rj- There exists an open neighborhood 
U of r] such that {/i, . . . , /„} can be lifted on U and U H Z is irreducible. We fix a set of 
liftings {/i, . . . , fa} in T{U, /C„'). Let 5 C T{U, A4) be the submodule generated by {/i, . . . , fa}- 
These elements generate a coherent subsheaf S of A4\u since Ox is a coherent ring. Now, let 
Ai^ := A4\u/S be a coherent Ox|(7-module, and define /C^ to be the image of }Ci\u in A4'u. We 
know that 

Supp(;Ci) nUD Supp(/c-). 

By construction, rj Supp(/C^) for any i > n'. By assumption, Ai^ also satisfies (SH). Let 
2IJ := {Wj}j,zj be a finite family of irreducible closed subset of U such that M^'^ satisfies (SH) 
with respect to 2U. Let J' be the subset of J such that rj Wj, and we put W' := UjeJ' 
We let 

Z' := {z nw')u{z\u). 
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Since r] Z', we get Z' C Z. By Lemma I6.2| there exists an open subset Wj of Wj for each 
j £ J such that 

Supp(/CO = U VFj. 

We claim that n Z = for any j ^ J'. Indeed, j ^ J' imphes that t] G Wj and Z nU cWj. 
If Wj n Z 7^ 0, we would get that rj G VFj since Z nU is irreducible closed and Wj is open in 
Wj. This contradicts with t] Supp(/C^). Thus, 

(6.3.1) Supp(/CO n (Z \ VF') n f/ = 0. 

The sequence is stationary for (n' , Z'): it suffices to see that for any 

z(iZ\z' = {z\w')r\u, 

K^i,z = However, we get that IC'- ^ = for any i > n' by ()6.3.ip . Thus, ICi^z = Sz by the 

definition of /C-, which concludes the proof. ■ 

6.4. We will show that coherent modules on some noetherian rings we have defined in this 
paper satisfy (SH). For this, we prepare some lemmas. In the following, let {X, Ox) be a ringed 
space satisfying (FT). 

Lemma. — We preserve the notation. The condition (SH) is closed under extensions. Namely, 
suppose there exists an exact sequence of coherent Ox -modules 

^ J"' ^ 7" ^ 7"" ^ 

such that T' and T" satisfy the condition (SH) . Then T also satisfies the condition (SH) . 

Proof. Assume (resp. T") satisfies (SH) with respect to 3 = {Zi\i^i (resp. 213 = {Wj}j^j). 
Then we will see that J-" satisfies (SH) with respect to 3 U 2B. Let U be an open subset of X, 
and take s G T{U,J-). Let s be the image in T(U,J-"). Then there exists a subset J' d J such 
that 

Supp(s) =yjWjr\ U. 

jeJ' 

Now, let V := U \ Supp(s). Then sy G T(y,J-') by the right exactness of the global section 
functor, and there exists a subset /' C / such that 

Supp(sy) = \Jz,nv. 

This shows that 

Supp(s) = (Ijz.u U Wj)nu. 

iei' jeJ' 



6.5 Lemma. — Let M he a coherent Ox -module. The module M satisfies the condition (SH) 
if and only if there exists a covering of X such that Ai\ui satisfies the condition on Ui 

for any i. 

Proof. We only need the proof for the "if" part. Since X is quasi-compact, we may assume that 
the covering is finite. By assumption, for each i ^ I, there exists a family {Zj}j£j- of closed 
subsets of Ui such that M\ui satisfies (SH) with respect to this family. The module A4 satisfies 
(SH) with respect to the family Uie/l-^iljej • Since the verification is straightforward, we leave 
the details to the reader. ■ 
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6.6 Lemma. — Let (i G Z) be a separated filtered sheaf (i.e. ^im. J-^ = 0). Suppose 
that gr{J-) satisfies (SH). Then T also satisfies (SH). 

Proof. Assume that gr(J-') satisfies (SH) with respect to 3 = {Zi\i^i. Let U be an open subset 
of X, and take a non-zero s € T{U,J-). There exists an integer io such that s € r(C/, J^jg) and 
s r(C/, since the filtration is separated. (We remind here that we are always assuming 

filtrations to be exhaustive as in Conventions.) Let a{s) € r(C/, gr^^ (/")) C V{U,gi{F)) be the 
principal symbol of s. Then there exists Jq <Z I such that 

Supp(ct(s)) = U n U. 

For A; > 0, we inductively define an open subset Uk, and a subset Jk of J in the following way. 
We put Uq := U. Now, let Uk+i ■= Uk \ Supp(fj(s|(7j.)). Then there exists Jk_^_l such that 

Supp(cr(s|[/^_^J) = y ZjnUk+i. 

We define Jk+i '■= Jk U J'k^i- Obviously, Jo C Ji C • • • C /. Since / is a finite set, this sequence 
is stationary. Let J := IJ^ Ji C /. Then 

Supp(s) = y n [/, 

and J- satisfies (SH) with respect to 3 as well. ■ 

6.7 Definition. — Let {X,Ox) be a ringed space satisfying (FT). We say that this ringed 
space (or Ox) is strictly noetherian if the condition (SH) is satisfied for any coherent Ox\u- 
modules for any open subset U of X. 

6.8 Corollary. — Let {X,£) be a ringed space satisfying (FT), and let {£,£i) be a filtration 
on S. Suppose that the filtration is pointwise Zariskian (cf. Definition \l.W\) . //gr(f) is strictly 
noetherian, then so is £. 

Proof. Let M he a, coherent f -module. Since the verification is local by Lemma 16.51 we may 
suppose that there exists a good filtration {M^Mi). By Lemma [1.14l the filtration is separated. 
Now by Lemma 16.61 the corollary follows. ■ 

6.9 Lemma. — Let A be a strictly noetherian sheaf on a topological space X . Then A[T] is 
strictly noetherian as well. 

Proof. It is easy to see that A\T] is a noetherian ring since for [/ e 53, r(J7, ^[T]) = r(J7, ^)[r]. 
Let 7W be a coherent ^[T]-module. Since the verification is local by Lemma [6. 5 1 we may assume 
that there exists integers a, 6 > and a presentation 

A[T]®'' ^ A[Tf^ A X ^ 0. 

Let An := 0i<„^ • and /C^ := tp{An). Let K,m,n ■= K,'^. n Af' in ^[^]®^ which is a 
coherent sub- ^-module of A®^ C ^[T]®*. Since A is strictly noetherian, /C„ := U-m>o ^m.,n is a 
coherent ^-module. We define a coherent ^-module M.n by ^®*//C„ C M.. By construction, 
Un-^n = M, and {M,{Mn}n&) is a filtered (.A[T], {>i„}„gz)-module. 
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It suffices to sliow tliat gr(A^) satisfies (SH) by Lemma [6.6[ We note that gr^{Ai) is a 
coherent ^-module for any i. By construction, the homomorphism T: grj(A^) — )• gr^_^_i(A4) is 
surjective for any i, and we have the fohowing sequence of surjections. 

Mo = g^oiM) » gri(A/J) ^ gVi^iiM) ^ .... 

Since Mq is coherent and A is strictly noetherian, this sequence is stationary, and there exists 
an integer such that T*: gr^(7W) — ?> gr^_^j(A1) is an isomorphism for any i > 0. Since 
®o<i<N S^ii-^) is a coherent >l-module, it satisfies (SH) with respect to a family 3- Then 
gr{M) satisfies (SH) with respect to 3- ■ 

6.10 Corollary. — Let X be a topological space satisfying (FT), and A be a strictly noetherian 
R-module on X. Then A®Q_ is strictly noetherian as well. 

Proof. Let An '■= Ker{A — > A). Since A is strictly noetherian, the sequence Aq C Ai C ■ ■ ■ C A 
is stationary. Let Aoo '■= lin^ An. Since A/Aoo is a coherent >l-algebra, it is strictly noetherian, 

and we may assume that ^ is a fiat ii-module in the corollary. Let Fi{A®Q) := tt^'^A for i >0 
and Fi{A ® <Q) = for i < 0. Then it suffices to show that gr^(^ ® Q) is strictly noetherian 
by Corollary 16.81 Since gr^(^ (8> Q) is a coherent ^[T]-algebra where the action of T is the 
multiplication by vr"^ G grf (.A (8) Q) , it is reduced to showing that A[T] is strictly noetherian, 
which follows from Lemma 16.91 ■ 

6.11 Lemma. — Let X be a noetherian scheme. Then Ox is strictly noetherian. 

Proof. The condition (FT) on {X,Ox) is a fundamental property of noetherian schemes. Let 
be a coherent Ox-module, and let us check (SH) for this M. Since the statement is local by 
Lemma 16.51 we may suppose that X = Spec{A) for a noetherian ring A. There exists a finite 
decreasing filtration {A4i}o<i<n on A4 such that A4o = A4, A4n = 0, the quotient Mi/Mi+i is 
irredondant for any < i < n, and 

Ass{Mi/Mi+i) C Ass(A4). 

by [EGA! IV 3.2.8]. By Lemma 16.41 it suffices to show the lemma for irredondant modules, but 
in this case, it follows by definition. ■ 

Using Lemma l6.9( we have the following corollary. 

Corollary. — Let X be a noetherian scheme and A be a quasi- coherent Ox-o-lgebra of finite 
type. Then A is strictly noetherian. 

6.12 Lemma. — Let {Y,A) be a ringed space satisfying (FT), and assume that A is strictly 
noetherian. Let X be a sober and noetherian topological space, and f : X ^ Y be an open 
continuous map of topological spaces. Then the ringed space {X, f~^A) is strictly noetherian. 

Proof. Let A/" be a coherent ^-module satisfying (SH) with respect to 3- Then f~^M satisfies 
(SH) with respect to /~^(3)- Thus, it suffices to show that for any coherent /"^^-module M, 
there exists a coherent >l- module N such that M = f~^(J\f). Now, the functor is exact since 
/ is open. Thus, for a coherent f~^A-raodule 7W, the canonical homomorphism f~^f^A4 — )■ A4 
is an isomorphism, and f*M.\f{A) is a coherent ^|j(_4)-module. ■ 

6.13 Theorem. — Let ^ be a smooth formal scheme of finite type over Spf(i?). Then Oxi, 
Ox', ^x^ J ^'s:^ ' ^x^Q' ^x'^' ^x'^Q ^'^^ strictly noetherian sheaves on ^ . Moreover, 

^(m,m') „(m,m') ;^(m,m') ■^(m,m') j. ■ j.j j.u ■ n^* ay 

' ' X ' ^X'Q ^''"^ strictly noetherian on 1 % . 
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Proof. Note first that ^ and T* ^ are noetherian spaces. The ring is strictly noetherian 
by Lemma |6. Hi To see that Ox is strictly noetherian, we consider the vr-adic filtration. Since 
Oyt: is Zariskian with respect to the vr-adic filtration by |BeH 3.3.6] and [HUl Ch.II, 2.2 (4)] (or 
we can use Lemma ll.lip . it suffices to show that gr^(Ojf) = (^^^[r] is strictly noetherian by 
Corollary 16.81 where gr^ denotes the gr with respect to the vr-adic filtration and T denotes the 
class of TT. This follows from Lemma 16.91 For Ox,q use Corollary 16.101 

Let X be either ^ or Xi for some i > 0. Let us see that S'^'^ is strictly noetherian. 
We consider the filtration by order. Since the filtration is positive, it suffices to show that 
gr(^j^^) is strictly noetherian by Corollary 16.81 Since gr(^j^^) is of finite type over grQ(^j^^), 
and grj(^j^^) is coherent grQ(^j^^)-module for any i, gi{&^^) can be seen as a coherent 
Ojjc[ri, . . . ,T„]-algebra for some n, and the claim follows by using Corollary 16.111 

Let us prove that is strictly noetherian. Consider the vr-adic filtration. Then is 

Zariskian filtered by [BeTl 3.3.6] and [HOl Ch.II, 2.2 (4)]. By Corollary ESI it suffices to show 
that gr^(^^'') = (^j^'*)[T] is strictly noetherian where gr^ denotes the gr with respect to the 
vr-adic filtration and T denotes the class of vr. Since &^Xo strictly noetherian by the argument 
above, (^j^^)[r] is strictly noetherian by Lemma 16.91 ^-ud thus is strictly noetherian. 

Let X be either 2^ or Xj for some i. Let us see that S := (f^™'™ ^ is strictly noetherian on 
T* ^ . Consider the filtration by order. It suffices to show that gr((o') is strictly noetherian by 
Corollary 16. 81 and Remark 14. 81 Let q : T*X — >■ P*X be the canonical surjection. Then, it suffices 
to show that q*(gr(;f )) is strictly noetherian by (jl.5.2p . By Lemma we see that g^,(gr((f )) is 
of finite type over C'p{m).jf (O)-algebra and g*(grj((f)) is a coherent C'p(m), Y(0)-module for any 
i, and we get the claim by using Lemma 16.91 

For ff^'™ ^ and (^^^ ^ the verifications are the same as those of and ^^q, we leave 
the details to the reader. ■ 



7. Application: Stability theorem for curves 

In this section, we will focus on the relation between the support of the microlocalization and 
the characteristic variety. We formulate a conjecture on the relation, and prove the conjecture 
in the curve case. 



7.1. Recall the setting [27il and let be a smooth formal scheme of finite type over R. One 
might expect that, for a coherent ^^^-module 

Char(''")(^) = Supp(^J"J vr-^^). 

For the definition of the characteristic varieties, see 12. 121 However, this does not hold in general. 
Indeed, suppose this were true. Then since 

Suvvi'^'xM®-^) ^ Supp(<^jrj^'^^®^), we would 
get Char(")(^) D Char^^+i) (^J^^J^^ (g) J^). However, this does not hold by Lemma HH 
Considering these, we conjecture the following. 

Conjecture. — Let ^ he a smooth formal scheme of finite type over R, and -y^ he a coherent 
^^^Q-module. Then there exists an integer N > m such that for any m' > N, 

Char(-')(f5"2$5^(™) ^) = Supp(<r^Q^) ® TT-'^). 

We prove this conjecture in the case where ^ is a formal curve (i.e. dimension 1 connected 
smooth formal scheme of finite type over ii). Namely, 
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7.2 Theorem. — Let ^ be a smooth formal curve over R. Let ^ he a coherent ^^^^]^-module. 
Then there exists an integer N > m such that we have 

Char('"')(f ^'^ (g) ^) = Supp(4:-,Q ® ^) 

for m' > N . 

This theorem is proven in the last part of this section. 

7.3 Remark. — The conjecture and Theorem 17.21 may seem to be different since we used 
S'^Q^ in the conjecture and (f^ ^ in the theorem. However, these are equivalent. We use the 

notation in the conjecture. Since there exists a homomorphism ^'^q'^ — > '^^^q^'^'^ ^ind the 
topological space T* ^ is noetherian, there exists an integer a such that for any m' > o, 

Supp(<f (g) ^) c Supp(<f^^"^^ (g) ^) = Supp((f^;2 (g) 

We remind that these supports are closed by |EGA1 Oi, 5.2.2]. We will show that this inclusion 
is in fact an equality. Since the problem is local, we may assume that is affine, and take 
global generators mi, . . . ,m„ G T{^,^) of ^ over ^^q- Suppose that the inclusion is not 

an equality, and take a point x S Supp((^^'Q (g)^) which is not contained in Supp((p'^- q®^)- 
This means that (f^"^- q (g = 0. Now, we know that 

m' 

by \Go\ II. 1.11]. Thus there exists an integer m' > a such that the images of mi, . . . ,7?t,.„ in 
X are 0. Since the latter module is generated by these elements over (^ca!^- Q^^'jxi 

we would have ((^jf q ® ■^)x = 0, which contradicts with the assumption. Summing up, we 
obtain 



Supp(<fi.^Q ^) = Pi Supp(4."q^^ ^). 



m'>m 

7.4. Before we start proving the theorem, let us see some consequences of the theorem. 

Definition. — Let ^ he a smooth formal curve over R, and let ^ be a coherent 
module. We define 

Char(^) := Supp((#'I- ^ <^ 



7.5 Corollary. — Suppose that k is perfect and there exists a lifting a : R — > R of the absolute 
Frohenius automorphism of k, and fix one. Let ^ he a smooth formal curve, and let ^ be a 
coherent F ^-module. Then 

Car (.^) = Char (^), 
where Car denotes the characteristic variety defined by Berthelot (cf. [Bell 5.2.7]). 

Proof. Since this follows immediately from the definition of Car, we recall the definition briefly. 
For a large enough integer m, we can take the Frobenius descent of level m denoted by 
by |Be21 4.5.4], which is a coherent i^^^-module with an isomorphism ^^q"^^ ® ^^"^^ ^ 
F*J^^'^\ The characteristic variety of ^ is by definition Char*^"*''(^(™)). A property of 
Frobenius descents tells us that := ^J^J'')®^^™) ^ and Char^™) (^('")) = 

Char("'+'')(^(''"+'')) by [ibid., 5.2.4 (iii)]. Thus the corollary follows by applying Theorem [7^ 
to ■ 



51 



7.6. Let us prove the theorem. To prove the theorem, we will show the following proposition 
first. 

Proposition. — Let ^ be a smooth formal curve over R, and ^ he a coherent ^^^^^^-module. 
Suppose moreover that there exists an integer N' > m such that 

Char(™')(^J^'^^ ^ ^) = Char(^')(^^2 ® 

for any m' > N' . Then the conclusion of Theorem 17.21 holds. 

The proof will be given in 17.91 For an interval / C M, we will denote / fl Z by in the 
following. 

7.7 Lemma. — Let ^ he a smooth formal scheme. (We do not need to assume that is 
a curve in this lemma.) Let ^ be a S^^^^^-module and x € T* ^ . Suppose there exist integers 



b > a > m such that 



for any integer b > m' > a. Then the canonical homomorphism 
(7.7.1) ^ {ip'^'^ 



IS 



split surjective for any integers b > m' > a, m' > I > m, and • € jf, [m',oo[2}. Here Sa^ 



■(«,t) 



means f^^'- q by abuse of language. Moreover, we get 

Ker((4'-) Ji).^ ^ (4";>) C3 Ji\) - Torf-'«(4";>V4''i 



Proof. For • € {f, [m',oo[g}, 



by Corollary 15.111 We denote this quotient by =S. We get the following diagram whose rows are 
exact: 

Tori (4!^'^ , Ji) ^ Tori Ji) 4,Q ® ^ 4"!q'^ ® *" ^ 



Tori (4"'o > ^ Ton Ji) 4- o'^ ® ^ ® ^ ^ ^ 



where the ® and Tori are taken over ^^q, and we omit the pull-back of sheaves vr""'^ since 

it is obvious where to put them. Now, since Tor^ ^''^(<f^^,^) = by the flat ness of ' 

over and over (cf. Proposition 12.81 fii) and |BeH 3.5.3]), the homomorphism 

a is injective. Moreover, since (4^q ® -^)x = by the hypothesis, the homomorphism ax is 
an isomorphism, and (=S ® = 0. Since a is injective, /3 is injective as well. Moreover, the 
homomorphism (17. 7. ID is split surjective and 

Ker(4'Q ^ ^ 4""©'^ ® '^)^ - Tori(^, ^)^ ^ (4q'^ ® '^)^ 
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Let us calculate Tori(<S, ^)x- We only treat the case where I < a, and since the proof is similar, 
the other case is left to the reader. To calculate this, it suffices to show 

m'-l 
i=a 

We use the induction on k := m' — a. For k = 0, the claim is redundant. Suppose that the 
statement holds to be true for k = ko — 1 > 0. Then it suffices to show the isomorphism for 
m' = a + ko 



(7.7.2) 



i{l,m'-l) 



(m' — l,m') 



Indeed, we just apply the induction hypothesis to ('o'^' q ^ to get the conclusion. Let 
us show (|7.7.2p . Note that m' — 1 > a. This isomorphism can be shown using exactly the same 
method as before using the following diagram instead: 



Tori (<?|'^q'"^^ , ^ Ton (^', 



Tori , ^) Tori (^', ^) 

where 



— l,m') 



(m'-l) 



■(l,m'-l) /^{l,m') a(m'-l) ,g{m'-l,m') 



B' 



■ B' ®Ji 



using Corollary I5.12[ 

7.8 Lemma. — Let ^ be a curve. Then the canonical homomorphism 
is an isomorphism. 

Proof. It suffices to prove that the canonical homomorphism of sheaf of abelian groups 
is an isomorphism. To see this, it suffices to see that 
is an isomorphism, whose verification is straightforward. 



7.9. Proof of Proposition [7761 Consider the following diagram of sheaves on T* ^ for any 

integer m' > m. 



Tori(^5;') ^) -Tori(^^:;^/^^"^, 



(m') I ^{ni) 



Ton ' ^) — Ton /4T'^ ' ^ 4T'^ ^ ^ ■ 
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Here and Tor are taken over q, and we omit the pull-back of sheaves vr . Since q 

and S'^Q are flat over ^^q, the left vertical arrow of the diagram is just — ?• 0. Thus the 
homomorphism a is injective. Consider the following commutative diagram 

Tor,(4": ■t)/4-t)^ ^) ^ ^i^^) ^ ^ 

Tori(4":2/4T'^ ^ 4T'^ ^ ^ 

where the isomorphism is by Lemma lS.lll Since a is injective, /3 is also injective. This implies 
that 

je-m' := Keriifm' : 4"!q ® ^"^-^ ^'^.f^Q ^ ® vr-^^) ^ Tori(fr_^^^V4"!Q^ ^~^-^) 

^ ^-iTori(iJ^2/^J^Jj,^) TT-^^. 

Since vr"^^^^ is strictly noetherian by Lemma 16.121 and Theorem 16.131 there exists an integer 
N such that J^k = =X/v for k > N. So far we have not used the assumption on the characteristic 
varieties. 

By changing m if necessarily, we may assume that m = N' . Now, by this assumption, 

Z := Supp(4^^ ^) = Supp(4^^ ® ^) 

for any m' > m. Take x T* ^ \ Z . Then Lemma 17.71 is showing that ipm',x is split surjective. 
Thus, this is showing that the homomorphism 

is also surjective for any m' > N. Since the kernel is isomorphic to {^m' /'^n)x, tbe homomor- 
phism 'il^rn',x is an isomorphism by the choice of N. Thus using Lemma 17.71 again. 

i^^^'iT"^ ® = 

for any integer m' > N and m" > ml . 

Let be the complement of Z. Let Y d ^ be a strictly affine open subscheme. By the 
above observation, we get that 

r(^, 4"i^""^ ^) = 

omce is a Frechet-Stein algebra, we get that 

r(r,4!^^^®^) = o. 

Thus the proposition follows. 

7.10. Proof of Theorem 17. 2t We use the notation in the proof of Proposition 17.61 There 
exists an integer M such that J^^ = J^m for k > M. Note that to see the existence of this M, 
we did not use the assumption of Proposition 17. 61 Let x G T* 3^ . Suppose there is an integer 
m' > M such that (4^q <8) ^)x = 0. Then by using Lemma [721 
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for an integer ni' > m" > M. However, since the last inclusion is dense, we have {<^^q"^ (^i 
= 0. This implies that ((?^™q = for m' > m" > M. Thus, 

Supp(J;5!^2 ®-^)^ Supp(<f ^Tq^^^ ® Ji) 

for m! > M. 

Now suppose there exists M' > M such that Supp((f^ ^ (g) ^) = T* ^ . Then there is 

nothing to prove. So we may suppose that the dimension of Supp(ff^(Q ® ^) is equal to 1 for 
any m' > M. 

In this case, for any m' > M, there exists an open formal subscheme '^m' of ^ such that 

Char(i5!;'jJ ^ ^y^, ) n T*^^, = 

and D -^m'+i. Let ^('"'^ := ^^^'j^ (g) The module ^("'V,,,/ is a coherent 0^^^,^q- 
module. Let r^/ be the projective rank as an Oo^^, Q-module. Then we know that r^' > J^m'+i 
for any m' > M. There exists an integer N > M such that r^r = r^' for any m' > N. By the 
choice of N, the canonical homomorphism 

is an isomorphism for m' > N. Indeed, since both sides are finite over r('^m/, q), and the 
image is dense, the homomorphism is surjective. However, since the rank of the both sides are 
the same by assumption, the homomorphism is an isomorphism. Now, the proof of |0g[ 2.16] is 
saying that for a smooth curve ?V and a ^^^-module ^ which is coherent as an Q-module, 
if there exists an open formal subscheme Y such that is a ^y^o'^^-module, then ^ is a 

^^-module. Thus ^^^^1'}//^^ is already a ^-module. This implies that the condition of 
Proposition 17.61 holds, and we obtain the theorem. 
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